
Variance Stabilizing Transformations

Suppose you have a random variable with the following mean and variance:

E[Y ] = µ V [Y ] = σ2 = Ω(µ)

We want a transformation f(Y ) that has constant variance. Writing out a first-order Taylor series expansion:

f(Y ) ≈ f(µ) + (Y − µ)f ′(µ)

⇒ f(Y ) − f(µ) ≈ (Y − µ)f ′(µ)

⇒ [f(Y ) − f(µ)]2 ≈ (Y − µ)2(f ′(µ))2

Now taking expectations on both sides, we get (again this is an approximation):

⇒ V [f(Y )] ≈ V (Y )[f ′(µ)]2 = Ω(µ)[f ′(µ)]2

Now, let:
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Thus, taking this transformation on Y gives a random variable with an approximately constant variance.

Example: Suppose σ2 = α2µ2β = Ω(µ)

Case 1: β 6= 1

f(µ) =
∫

1
[Ω(µ)]1/2

dµ =
∫

1
αµβ

dµ

⇒ f(µ) =
1
α

[
µ−β+1

−β + 1

]
= cµ1−β

Case 2: β = 1

f(µ) =
∫

1
[Ω(µ)]1/2

dµ =
∫

1
αµ

dµ

⇒ f(µ) =
1
α

log(µ)

Now to estimate β:

σ = αµβ ⇒ log(σ) = log(α) + βlog(µ)

Thus, we can estimate β by regressing log(si) on log(yi.).
See example in Kuehl (p. 137), for this, where the logarithmic transformation is suggested. (β̂ = 0.99).


