Chapter 3 - Life Tables
Section 3.2 - Basic Life Tables

A life table displays the expected survival from some integer age to
future integer ages.

For example, we begin at age xo with a hypothetical number of lives,
Ix,» (this number is called the radix of the table). Then the number of
lives from this group which survive at least t years beyond this age is

Here both xo and t are viewed as integers. While /y, is typically an
integer, generally,/y, .+ is not. But in some cases it may be rounded
to an integer.
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Given the values Iy 4 for t = 0,1,-- -, we can derive survival
probabilities ¢px for any x > xg, because

et = by (x+t—x0Px;)

= /xo (x—xopxo)tpx
= /x(tpx)-
So indeed we describe the survival probabilities via

when I, values are given through the life table. The starting value,
the radix /y,, is completely arbitrary and cancels out of computations
such as (3.1).
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Since Iy represents the expected number of survivors at year x, we
can also compute mortality probabilities

IX—H
Ix

and deferred mortality probabilities

tQx =1—

In addition to I, another entry in a typical life table is the expected
number of deaths during the year, ie

dX — IX _ lx+‘| . (34)
Clearly,
I
dX — lx(1 - X/—'r1> — lx(1 - px) or
X

which also describes gy in terms of I, and d.
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Other quantities included in life tables

Average person years lived between ages x and x + 1:

/ /
LX:?+IX+1:% forx<w and L,=1,e,

Total person years lived beyond age x:

Expectation of life at age x:
Tx
ex — K

Here we have assumed all deaths within a year occur halfway
through the year. This is consistent with the UDD factional age
assumption in the next section.
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Table 1. Life table for the total population: United States, 2007
itable from: =

09/Table01.xls.
Total
Number Person-years number of
of dying Number dying ived person-years Expectation
between surviving to betwsen between i of life
ages xto x+ 1 age x ages x1o x+ 1 ages xto x + 1 age x at age x
3 he d. L T el
. 0.006761 100,000 676 99,406 7.793,398 7738
o 0.000460 99,324 46 99,301 7,693,992 775
0.000286 99,278 28 99,264 7,594,691 765
0.000218 99,250 22 99,239 7,495,427 755
0.000176 39 17 99,219 7,396,188 745
0.000164 29,211 16 99,203 1296, 736
0.000151 99,194 15 99,187 7,197,766 726
0.000 99,179 14 99,173 1098 716
0.000124. 99,166 12 99,158 6,999,40 706
0.0001 99,153 10 99,148 6,900,247 69.6
0.000091 99,143 9 99,138 6,801,009 68.6
94 99,134 9 99,1 6,701,961
: 0.000132 99,125 13 99,118 6,602, 66.6
3 21 99,101 6,503,713 656
- 0.000314. 99,091 31 99,075 6,404,612 646
9,060 99,039 305, 637
. 99,018 98,991 6,206,438 627
0.000627 X 62 98,934 6,107,506 617
0.000715 98,903 71 98, 6,008,572 608
0.000796 98,832 79 98,7953 5,909,705 59.8
0.000881 98,754 87 98,710 5,810,911 58.8
X 95 98,619 5,712,201 57.9
. 0.001017 8,572 100 98 5,613,582 56.9
98472 102 98,421 5,515,060
. 0.001023 98,370 101 98; 1416 551
0.001003 98,269 98,220 5.318,320 541
. 0.000990 98,171 97 98,122 1 532
0 074 % X 5,121,978 52.
0.000988 97,977 97 97. 5,023,952 513
. 0.001005 97,880 98 97,831 4,926,023
0.001030 97,762 101 97.732 4,828,192 4.4
. 0.001060 97,681 97,630 730,460 48.4
. 0.001099. 7,578 4,632,831 475
. 0.001146 97,471 12 97,415 4,535,307
0.001201 97,359 17 97,300 4,437:892 456
0.001264. & 123 97,180 4,340,502 446
0.001340 97,19 130 97,054 42431412 437
. 0.001434 96,989 139 96,919 41146,
0.001548 96,850 150 96; 4,049,438 418
. 0.001685 96,700 163 96,618 3,952,
. 0.001836 96537 6,448 856, 38.9
96,360 193 96,263 3,759,597 39,0
0.002188 96,167 210 96,062 3,663,334 381
002400 95, 230 95,841 567, 372
0.002626 95,726 252 95,600 3,471,431 363
95475 273 95 3,375,831 354
. 0.003107 95,201 296 95,053 3,280,433 3.
0.003369 320 94,745 1185, 336
0.003661 5t 346 84,412 3,090,694 327
X 94,239 375 0 2,996, 318
93,864 407 93,660 2,902 309
0.004709 93,457 440 93237 2,808,570 30.
5091 83017 474 92,780 2715333 202
0.005474 92, 507 92,290 622, 283
92,037 540 91,767 2,530,263 275
. o 91,457 574 9121 2,438,496
: 0.006726 90; 612 90,617 2,347,
. 0.007220 90,311 652 89,985 2,256,669 250
. o 19,659 697 89,311 166,684 242
. 0.008389 88,962 746 88 2,077,373 234
. 0.009081 88,21 801 87,816 1,988,784
: 0009839 87,415 860 86,985 1,900,968 217
0.01 86,555 922 86,094 1,813,983 210
011534 85,632 288 85,139 1,727,890 202
0.012491 84,645 1,057 84,116 1,642,751 104
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Table 1. Life table for the total population: United States, 2007—Con.
ilable 2 L ) 09/Table01.xis.

Total
Probability Number Person-years number of
of dying Nu dying ived person-years. Expectation
en surviving to en between lived above
ages x10 x + 1 age x ages xto x+ 1 ages xtox+ 1 age x at age x
% b L T ©x
0.01 83,587 1,137 1,558,635 186
0.014722 82,451 1214 1475616 17.9
15959 81,237 1,296 1,393,772 172
0.017288 79,940 1,382 1,313,183 164
0.018755 78558 1,473 1,233,934 157
24 77 1574 1,156,112 15.0
75511 1,690 179,814 143
0.024679 3,8: 1822 1,005,149 1356
0.027320 71,999 1,967 239 129
03 0,032 2,122 861,224 123
36 67.910 2284 792,254 K
0037216 X 2,482 486 111
0041160 63,183 2,601 661,082 105
. 60; 2; 599,199 9.9
0.050281 57,826 2,908 539,995 9.3
54,91 X 483,622 88
0.061293 51,869 3,179 430,229 8.3
0.067611 48 3202 379,950 78
0.074528 45,398 3,383 332,906 7.3
0.082091 42,014 3449 289,201 63
38, 3,484 248,911 65
0.099341 35,081 3485 212,088 60
0.109125 31,596 31448 178749 57
0.119744. 281 3371 148 53
0.131244. 24,778 3252 122,415 459
0.1 21,526 Y 99,263 46
157056 18, 2,895 79,2t 43
0.171442 15,538 2,664 62,298 4.0
0.186853 12,874 2,406 48,092 37
10,469 2,128 6,4 35
0.220822 340 1,84: 27,016 32
6,499 1556 19,597 30
0258999 4,943 1280 13876 238
9625 . 1,024 9,573 26
0301225 2,638 795 6422 24
1.000000 1844 1844 4,181 23




: Using the enclosed life table find:
(a) the probability that a 21 year-old lives at least 20 more years:

(b) the probability that a 60 year-old dies within the next 3 years:

(c) the probability that a 50 year-old dies within 3 years of turning 58:
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: Consider the mortality probabilities shown below and
construct a life table with a radix of 100,000.

X | Qx Ix dy Ly Tx €x
0| .15

11.25

2| .55

3/1.0

4




Section 3.3 - Fractional Age Assumptions

Uniform Distribution of Death (UDD) Fractional Age Assumption.

Assume that deaths are uniformly distributed between the
beginnings of years.

UDD 1
For every nonnegative integer x and any 0 < s < 1, assume

gx = 19y is the probability of death between x and x + 1

sQx is the probability of death between x and x + s.
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uDD 2
Define Ry by

Tx = lifelength beyond age x (measured continuously)

where Ky = | Tx] is the number of whole years lived (an integer), Ry
denotes the fraction of the year lived between x and x + 1,

(a) Ry is a uniform (0, 1) random variable, and

(b) Kx and Ry are independent random variables

Our textbook proves that UDD1 and UDD2 are alternative
expressions of equivalent assumptions concerning the uniform
distribution of deaths within each year.



Survival Function Interpretation of UDD

Suppose we plot the survival function Sy, (t) over the future lifelength

years, that is, we plot (t, 'Xf“), fort=0,1,---.
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The slope of the line segment between integers t and t + 1 is:

bortet  hott it _(dx0+t> (lxo—H
IXO IXO IXO /X0+[

1) = o)
The distribution function Fy,(-) = 1 — Sy, (-) has a constant derivative
of gx,+1(tPx,) between integers t and t + 1. So the density function of
this continuous random variable Ty, is a histogram:
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Under the UDD fractional age assumption for any nonnegative
integer x and any 0 < s < 1, define

It follows that

holds whether x > 0 and or t > 0 are integers or not.



: Using the previous life table and UDD, find

(a) 8.29215

(b) Given g35 = .001264 and g3 = .00134, use only this information
to find 50358 -



Note that if x is an integer and 0 < s < t < 1, then because

we have

het _ tPx _ 110 (these must have the same x).
ks sPx  1—50x

Note also that

59358 = 20358 + (1 — 2935.8) 3936 and

I
29358 =1— op3sg=1— (ﬁ)

() - ()

1— .SQ35




So

1 —-.001264
=1- =. 2
209358 1- 8(.001264) 00025306 and

50358 = (.00025306) -+ (.99974694)(.3)(.001340) = .00065495

In chapter 2 we saw that the future lifetime density satisfies

fi(t) =t Px pixst -

We will use this relationship to solve for the force of mortality under
the UDD fractional age assumption. Again, let x be a nonnegative
integer and 0 < s < 1. Because of the histogram nature of the
density of the future lifelength distribution,

x(8) = Qx = sPx ix+s

and thus



Thus we see that as s increases, the force of mortality also
increases under the UDD fractional age assumption. Here

. . ax
lim = and lim = .
sub Kx+s = Qx o Ux+s 1- gy




Constant Force of Mortality (CFOM) Fractional Age Assumption.

A second assumption used to model fractional ages, is that the force
of mortality between the beginnings of year x and x + 1 is constant
(denote it by u}) . Let x be an arbitrary nonnegative integer and

0 < s < 1. In chapter 2 we established that

— e M Jodr e SHx.

Letting s approach 1, shows that

px = e M or that

This shows the relationship between the constant force of mortality
and the survival probability for that given year.



It follows that when x is an arbitrary nonnegative integer and
0<s<1,

If, in addition, t > 0 satisfies t + s < 1 then

sPx+t = (Px)°.

Under the CFOM fractional age assumption, the force of mortality
function changes from year to year, but within a given year it is
constant. Therefore the graph of the force of mortality function is a
histogram, as pictured below.
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Under the CFOM fractional age assumption, the survival function
takes the form

- (lk_[ pr) (pre) K,
r=0

where k* = |t]. It looks like






The future lifetime, Ty, has a distribution with density

for k* <t < k* + 1. In our example its graph decreases slightly
between integers. It looks like

A
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Under the CFM fractional age assumption,
py=—In(px) or  py=e,

and it follows that

whenever u} is small. Thus when gy is small, so is i and they are
roughly equal.



The survival function can be written as

c+0= ([T 9) (1)

when x is a nonnegative integer and 0 < s < 1. The UDD fractional
assumption uses

sPx = 1— SQqx
while the CFOM fractional assumption uses

sPx = (Px)°.



As long as gy is small,

(px)° = &% ~ (1 - sp1z)

that is, the two assumptions produce very similar results.
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Hyperbolic Fractional Age Assumption.

Under the hyperbolic assumption, for 0 < s < 1,

The force of mortality becomes

R SR
SRR
This is a decreasing function of s, which is the reason it is rarely
used.



Table

: Summary of formulas for fractional ages
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: Use the US life tables to find the following under the
UDD fraction age assumption:

(a) 6.5P35.4

(b) 7.6G25.8

() 7.5/6.2940.5



: Use the US life tables to find the following under the
CFOM fraction age assumption:

(a) 6.5P35.4

(b) 7.6G25.8

(C) 3.5/7.6955.4



Section 3.4 - Measuring and Comparing Mortality

The mortality rate
gx = P[ a person who has lived to age x dies before
reaching age x+1]
provides a direct comparison of the risk of death at different ages.

: Comparison of the mortality rates of males and females in
the U.S. (2002).

19

0.14

Mortality rates
°
2

0.001

0.0001 T T T T T T T T T 1
0 10 20 30 40 50 60 70 80 90 100
Age

Figure 3.1 US 2002 mortality rates, male (dotted) and female (solid).



Note that

So(x) = So(x + 1) Fo(x+1) — Fo(x)
O = So(x) - So(x)

as long as fy(+) does not change too much between x and x + 1.

So the force of mortality is a continuous version of the same idea as
the discrete version mortality rate.

Thus mortality comparisons are also made in terms of force of
mortality.



Mortality rates differ among genders, between racial groups and
between life insurance policy holders and those without insurance.
Likewise mortality rates differ from one country to another country.
These differences often result in separate life tables being
constructed for each group.

Another influence on survival is provided by underwriting. Because
of the examination of health records, only healthy persons are
accepted as new policy holders. Consequently their survival
experience is far better than the general population at least for a few
years following taking out their policy.



Section 3.7 - Select and Ultimate Survival Models
We make the following modeling assumptions:

(1) Survival depends on
(a) the current age of the person
(b) the age x at which this individual joined the insured group -

(2) After a fixed number of years, d, the survival advantage of recent
selection wears off and the survival probability is the same as it is for
all insured individuals of that same age.



The survival probabilities

Pix1 Pixj+1 Pixj+2 Px]+d—1

describe the survival experience of the select at age [x] group during
the select period ( the d years following selection).

After that the survival probabilities

Pixj+d = Px+d  P[x]+d+1 = Px+d+1

are the same as other individuals of the same age. This is described
as the ultimate period of the model because the survival (mortality)
probabilities are now equal to a ultimate (typical) set of probabilities
for persons of this age.



3 T - SRS

] [ oo Dl D0+d [l4d4| oo
select period wltimate Pem@A

Earlier in this chapter we used a basic life table to find survival
(mortality) probabilities via:

Rule:

IX—H‘

Mortality (gx =1 —
Ix




Clearly, when we are completely in the ultimate period of the select
model, this rule still applies. Thatis, let s > d and t > 1, then

o | —
‘ |

DC]"V/'A\ ° e D‘]+5 DS EZ:H'S +F

We use the counts in the ultimate life table to compute probabilities
for survival (or mortality) in the usual manner (select age is
irrelevant).



If, however,0 < s< dandt > 1, then

tp[x]-i-s

must incorporate the survival experience of the select at age [x]
group. For this group we have special survival (or mortality)
probabilities

Pix] P+t Pix+2 - Px]+d—1

(Qx Q1 G2 0 Gixed—1)-
From these we can compute the probabilities of surviving until the
start of the ultimate period via

M ]
-

] o0 s voe  [H]+d




These probabilities are then used to backfit (impute ) expected
survival counts /s for 0 < s < d via

So the expected survivals from the ultimate table at age x + d is
used to establish appropriate expected survivals during the select
period.

The good news is that the rule on page 3-39 still applies. We just
have to use the expected survival counts appropriate within the
select or ultimate period, whichever is needed.
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Use the Select life table D.1 in the Appendix of the
textbook (here d = 2) to find:

() 5Pp28143

(b) 4qp29)

(©) 6P[30]+1

(d) 3|29155)+1



Table 3.7. Select life table with a two-year select period.

x I I+t Lo x+2| x Ig 1 Liz  x+2
100000.00 20 | 507 9855251 98450.67 98326.19 52
99975.04 21 | 51 9843098 98318.95 98181.77 53
20 9999508 99973.75 9994971 22 | 52 9829724 98173.79 9802238 54
21 99970.04 9994840 9992398 23 | 53 98149.81 98013.56 97846.20 55
22 99944.63 99922.65 9989779 24 | 54 97987.03 97836.44 ‘9765121 56
23 99918.81 9989643 99871.08 25 | 55 97807.07 97640.40 9743517 57
249989252 99869.70 99843.80 26 | 56 97607.84 97423.18 9719556 58
25 \99865.60 9984238 9981586 27 | 57 97387.05 9718225 96929.59 59
26 9983828 9981441 9978720 28 | 58 9714213 96914.80 96634.14 60
27 9981020 9978570 9975771 29 | 59 9687022 96617.70 9630575 61
28 9978136 99756.17 9972729 30 | 60 96568.13 96287.48 95940.60 62
29 99751.69 9972570 9969583 31 | 61 9623234 9592027 9553443 63
30 99721.06 99694.18 9966320 32 | 62 9585891 95511.80 9508253 64
31 9968936 99661.48 9962926 33 | 63 9544351 95057.36 94579.73 65
32 9965647 9962747 99593.83 34 | 64 9498134 9455172 9402033 66
33 9962223 99591.96 9955675 35 | 65 94467.11 93989.16 93398.05 67
34 9958647 9955478 99517.80 36 | 66 9389500 9336338 92706.06 68
35 99549.01 9951573 9947675 37 | 67 93258.63 92667.50 91936.88 69
36 99509.64 99474.56 9943334 38 | 68 92551.02 91894.03 9108243 70
37 99468.12 99431.02 9938729 39 | 69 9176458 91034.84 90133.96 71
38 9942418 99384.82 9933826 40 | 70 90891.07 9008115 89082.09 72
39 99377.52 9933562 9928588 41 | 71 89921.62 89023.56 87916.84 73
40 99327.82 99283.06 99229.76 42 | 72 8884672 87852.03 86627.64 T4
41 99274.69 9922672 9916941 43 | 73 8765625 86555.99 85203.46 75
42 9921772 99166.14 9910433 44 | 74 86339.55 85124.37 83632.89 76
43 9915642 99100.80 9903394 45 | 75 8488549 8354575 8190434 77
44 9909027 99030.10 98957.57 46 | 76 83282.61 81808.54 8000623 78
45 99018.67 98953.40 9887450 47 | 77 8151930 79901.17 7792735 79
46 9894096 98869.96 9878391 48 | 78 79584.04 7781244 75657.16 80
47 9885638 98778.94 98684.88 49 | 79 7746570 75531.88 7318631 81
48 98764.09 98679.44 9857637 50 | 80 7515397 7305022 70507.19 82
49 98663.15 9857040 9845724 51




: Using the US life table (2007) construct a select life
table for ages 40-46 using select ages 40 and 41 with a 3-year
select period and

9pa0) = -0015  glag11 =.0017  glagp42 = 0021

ga1) = -0016  gparj+1 = .0019  qgaqj42 = .0023



Section 3.10 - Other Life Table Topics

(a) Life Table Analogues for Continuous Mortality Models

dx = lx = hepr = (1 — px)
FOM iy — 8t bxstPo)li=0

xPo
Expected future life length beyond x:

EX: / ¢Pxdt and
0

T, = / her el
0

1
LX = / /x+tdt
0
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(b) Percentiles of Future Life Length
The 1007 percentile of future life length beyond age x is:

(Continuous Life Length Case ) - the f; satisfying

fqu =T

(Discrete Life Length Case ) - the value fy + sop where fy is a
nonnegative integer and 0 < sy < 1 satisfy

In particular, the median future life length, m(x), satisfies the above
with ™ = %
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(c) Central Death Rate

my is defined as the number of deaths during the year divided by the
average number alive during the year, i.e.

This differs slightly from g, which is the number of deaths during the
year divided by the number alive at the beginning of the year.



