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Abstract

Gaussian errors are sometimes inappropriate in a multivariate linear regression setting be-
cause, for example, the data contain outliers. In such situations, it is often assumed that the
errors are iid from a distribution that is a scale mixture of multivariate normals. Combining this
robust regression model with a default prior on the unknown parameters results in a highly in-
tractable posterior density. Fortunately, there is a simple data augmentation (DA) algorithm and
a corresponding Haar PX-DA algorithm that can be used to explore this posterior. This paper
provides conditions (on the mixing density, h) for geometric ergodicity of the Markov chains
underlying these Markov chain Monte Carlo (MCMC) algorithms. The main result is that, if
h converges to 0 at the origin at an appropriate rate, and fooo u® h(u) du < oo, where d is the
dimension of the response, then both Markov chains are geometrically ergodic. This result is
quite far-reaching. For example, it implies the geometric ergodicity of the DA and Haar PX-DA
Markov chains whenever h is generalized inverse Gaussian, log-normal, inverted gamma (with
shape parameter larger than d/2), or Fréchet (with shape parameter larger than d/2). The result

also applies to certain subsets of the gamma, F’', and Weibull families.

1 Introduction

Let Y71,Y5,..

., Y, be independent d-dimensional random vectors from the multivariate linear re-

gression model

Y; = BTa; + D2e; (1)
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where x; is a p x 1 vector of known covariates associated with Y;, 8 is a p X d matrix of unknown
regression coefficients, 3 is an unknown d X d positive definite scale matrix, and €1, ...,&, are
iid d-dimensional errors. In situations where Gaussian errors are inappropriate, e.g., when the data
contain outliers, scale mixtures of multivariate normal densities constitute a rich class of alternative
error densities (see, e.g., Andrews and Mallows, 1974; Fernandez and Steel, 1999, 2000; West,
1984). These mixtures take the form

fule) = /000 (21;)3 exp{ — gETE}h(u) du ,

where h is the density function of some positive random variable. We shall refer to h as a mixing

density. By varying the mixing density, one can construct error densities with many different types

g

variable, then f;, becomes the multivariate Student’s ¢ density with v degrees of freedom, which,
_d+v

aside from a normalizing constant, is given by [1 + zflsTe} 2,

of tail behavior. A well-known example is that when h is the density of a Gamma(%, 5) random

Let Y denote the n x d matrix whose 7th row is YiT, and let X stand for the n X p matrix whose
ith row is xiT, and, finally, let € represent the n X d matrix whose ith row is EZT. Using this notation,

we can state the n equations in (1) more succinctly as follows
Y=XB+eXz. )

Let y and y; denote the observed values of Y and Y}, respectively.

Recent applications of the robust multivariate regression model (2) are mostly Bayesian in na-
ture. These include Lee et al. (2016), who use a Bayesian version of (2) as a high-dimensional
vector autoregressive (VAR) model, and Ala-Luhtala and Piché (2016), who develop a variational
Bayes method for approximating the posterior distribution when there is ignorable missing data.
There are also many recent papers that employ Bayesian models based on the univariate (d = 1)
version of (2). Indeed, Nevo and Ritov (2016) use such a model in the high dimensional context
where the number of predictors and the number of observations grow at a similar rate. These au-
thors establish consistency of the Bayes estimator, and show that the posterior can be explored via
Gibbs sampling. Another example is Yang and Yuan (2017), who develop a method of drawing iid
samples from an approximation to the posterior distribution. Salazar et al. (2012) and Ferreira and
Salazar (2014) develop default prior distributions for the specific case in which the errors are from
the exponential power distribution (which corresponds to scaled positive stable mixing density), and
Choy et al. (2016) perform a Bayesian analysis of insurance data.

In this paper, we consider a Bayesian version of (2) with an improper prior on (/3, X) that takes
the form w(3,¥) x |X|7* Is,(X) where Sy C R“>" denotes the space of d x d positive definite
matrices. Taking a = (d 4 1)/2 yields the independence Jeffreys prior, which is a standard default

prior for multivariate location scale problems, and is often used in conjunction with (2) (see, e.g.,



Fernandez and Steel, 1999; Liu, 1996; Meng and van Dyk, 1999). The joint density of the data from
model (2) is, of course, given by

n a
2

f(y6,2)==III;AK12W;HEFfmp{-—g(y«—BTxojfl1(%——B@m)}h@odu]. G

i=1 2
Define
m) = [ [ £l D)w(sz) dsaz.

The posterior distribution is proper precisely when m(y) < oo. Let A denote the n x (p + d) matrix
(X : y). Thatis, A is the matrix that results when the n x d matrix y is appended to the right of the

n X p matrix X. As we shall see, the following conditions are necessary for propriety:
(N1) rank(A) =p+d;
(N2) n>p+2d—2a.

We assume throughout the paper that (N1) and (N2) hold. Under these two conditions, the Markov
chain of interest is well-defined, and we can engage in a convergence rate analysis whether the
posterior is proper or not. This is a subtle point upon which we will expand in Section 3.

Of course, when the posterior is proper, it is given by

f(ylB,¥) w(B, %)

™(8,%ly) = )

This density is (nearly always) intractable in the sense that posterior expectations cannot be com-
puted in closed form. However, there is a well-known data augmentation algorithm (or two-variable
Gibbs sampler) that can be used to explore this intractable posterior density (see, e.g., Liu, 1996). In
order to state this algorithm, we must introduce some additional notation. For z = (21, ..., z,), let
@ be an n x n diagonal matrix whose ith diagonal element is z; *. Also, define Q = (X7Q~'1X)~!
and pp = (XTQ'X)~'XTQ~y. We shall assume throughout the paper that

o0 da
/ u2 h(u)du < 0o,
0

where £ is the mixing density, and we will refer to this condition as “condition M.” Finally, define
a parametric family of univariate density functions indexed by s > 0 as follows

d
2

Y(u;s) = b(s)u2 e 2 h(u),

where b(s) is the normalizing constant. The data augmentation (DA) algorithm calls for draws from
the inverse Wishart (IW ) and matrix normal (N, 4) distributions. The precise forms of the densities
are given in the Appendix. We now present the DA algorithm. If the current state of the DA Markov
chain is (B, Xm) = (5, 2), then we simulate the new state, (5,41, Xm+1), using the following

three-step procedure.



Iteration m + 1 of the DA algorithm:

1. Draw {Z;}" ; independently with Z; ~ w(- (BT — yi)TZ*1 (BT — yz)> and call the

result z = (21,...,2y).

2. Draw .
Ymt+1 ~ Wy (n —p+2a—d—1, (yTQfly - MTQAM) > .

3. Draw B41 ~ Np,d(,u, Q, Em+1)

This algorithm is based on a so-called augmented posterior density, 7(3, X, z|y), where z € R}
is a vector of latent data (formally defined in Section 2) such that fR1 (8,3, zly) dz = (5, X|y).
A single iteration consists of a draw from 7(z|3, X, y), followed by a draw from 7 (53, |z, y). The
algorithm stated above has three steps (instead of two) because the draw from 7 (3, X|z, y) is done
sequentially, using 7(X|z, y) and 7(8|%, z,y).

Obviously, in order to run this DA algorithm, one must be able to make draws from (- ; s).
When h is a standard density, ¢ often turns out to be one as well. For example, when A is a gamma
density, 1 is also gamma, and when h is inverted gamma, 1 is generalized inverse Gaussian (see
Section 5). Even when v is not a standard density, it is still a simple entity - a univariate density
on (0, 00) - and so is usually amenable to straightforward sampling. In particular, if it is possible to
make draws from h, then h can be used as the candidate in a simple rejection sampler for ).

Denote the DA Markov chain by ® = {(8,,, £,,) }25_,. The main contribution of this paper
is to demonstrate that ® is geometrically ergodic as long as h converges to zero at the origin at an
appropriate rate. (A formal definition of geometric ergodicity is given in Section 3.) Our result is
remarkable both for its simplicity and for its scope. Indeed, the conditions turn out to be extremely
simple to check, and, at the same time, the result applies to a huge class of Monte Carlo Markov
chains. It is well known among Markov chain Monte Carlo (MCMC) experts that establishing
geometric ergodicity of practically relevant chains is extremely challenging. Thus, it is noteworthy
that we are able to handle so many such chains simultaneously. Of course, the important practical
and theoretical benefits of basing one’s MCMC algorithm on a geometrically ergodic Markov chain
have been well-documented by, e.g., Roberts and Rosenthal (1998), Jones and Hobert (2001), Flegal
et al. (2008) and Latuszynski et al. (2013). In order to give a precise statement of our main result,
we now define three classes of mixing densities based on behavior near the origin.

Define Ry = (0,00), and let i : R4 — [0, 00) be a mixing density. If there is a § > 0 such that
h(u) = 0 for all u € (0, §), then we say that h is zero near the origin. Now assume that h is strictly

positive in a neighborhood of 0. If there exists a ¢ > —1 such that



then we say that h is polynomial near the origin with power c. Finally, if for every ¢ > 0, there
h(u)

uC

exists an 7. > 0 such that the ratio is strictly increasing in (0, 7)), then we say that h is faster
than polynomial near the origin.

Every mixing density that is a member of a standard parametric family is either polynomial near
the origin, or faster than polynomial near the origin. Indeed, the gamma, beta, F', Weibull, and
shifted Pareto densities are all polynomial near the origin, whereas the inverted gamma, log-normal,
generalized inverse Gaussian, and Fréchet densities are all faster than polynomial near the origin.

‘We establish these facts in Section 5. Here is our main result.

Theorem 1. Assume that (N1) and (N2) hold. Let h be a mixing density that satisfies condition
M. If any one of the following conditions holds, then the posterior distribution is proper and the

DA Markov chain is geometrically ergodic.
1. his zero near the origin.
2. h is strictly positive in a neighborhood of zero, and faster than polynomial near the origin.

3. h is strictly positive in a neighborhood of zero, and polynomial near the origin with power
n—p+2a—d—1
——5

c>

This result is more substantial than typical convergence rate results for DA algorithms and Gibbs
samplers in the sense that it applies to a huge class of mixing densities, whereas typical results
apply to relatively small parametric families of Markov chains (see, e.g., Pal and Khare, 2014).
Note that, outside of the polynomial case, the only regularity condition on % in Theorem 1 is the
rather weak requirement that fooo u’ h(u) du < oo. Thus, for example, Theorem 1 implies that if
h is generalized inverse Gaussian, log-normal, inverted gamma (with shape parameter larger than
d/2), or Fréchet (with shape parameter larger than d/2), then the DA Markov chain converges at a
geometric rate.

Another notable consequence of Theorem 1 is the following. Suppose that h satisfies the con-
ditions of Theorem 1, and let B > 0. Note that we can alter h on the set [B,c0) in any way we
like, and, as long as condition M continues to hold, the corresponding Markov chain will still be
geometrically ergodic.

When h is polynomial near the origin, there is an extra regularity condition for geometric er-
godicity that can be somewhat restrictive. For example, take the case where h is the gamma density
with shape and rate both equal to /2 (so the error density is Student’s ¢ with v degrees of freedom).
In this case, Theorem 1 implies that the DA Markov chain will converge at a geometric rate as long
asv >n—p+2a—d+1. If n—p+2a—d+1 is small, then this condition is not too troublesome.
However, if this number happens to be large, then Theorem 1 applies only when the degrees of
freedom of the ¢ distribution are large, which is not very useful. It is an open question whether the

n—p+2a—d—1 .
2

condition ¢ > 1S necessary.



A couple of special cases of Theorem 1 have appeared previously in the literature. In particular,
the result for the gamma mixing density described above was established by Roy and Hobert (2010)
in the special case of the independence Jeffreys prior where a = (d + 1) /2. Also, Jung and Hobert
(2014) showed that, when d = 1 and the mixing density is inverted gamma with shape parameter
larger than 1/2, the Markov operator associated with the DA Markov chain is a trace-class operator,
which implies that the corresponding chain converges at a geometric rate. (Qin and Hobert (2016)
provide a substantial generalization of the results in Jung and Hobert (2014).)

It is often possible to improve a given DA algorithm by adding an extra step in between the
two conditional draws, and the result is called a sandwich algorithm (see, e.g., Khare and Hobert,
2011). The PX-DA and Haar PX-DA algorithms (Liu and Wu, 1999; Meng and van Dyk, 1999;
van Dyk and Meng, 2001) are sandwich algorithms with specific recipes for constructing the extra
step. Specializing to our context, note that the sampling mechanism of the DA algorithm can be
represented as follows: (3,3) — z — (f/,%'). The first step is a draw from 7(z|3, %, y), and
the second step is a draw from 7 (', X'|z, y). Suppose now that R(z, dz’) is any Markov transition

function that has invariant density

wely) = [ [ w8 dgas.

The sandwich algorithm has three steps: (5,%X) — z — 2/ — (8',%’). The first and third steps
are exactly the same as the DA algorithm, and at the middle step, we draw 2’ from R(z,dz’"). Roy
and Hobert (2010) constructed the Haar PX-DA version of R(z, dz’) for the special case in which

d+1 d+1
2 2

a= . While it is possible to extend their arguments to the case in which a # , an additional

regularity condition on h is required. In particular, the Haar PX-DA algorithm can be defined only

/ tn+(d+1;2a)d,1 [H h(tzz)] dt < 0o (4)
0

i=1

when

for (almost) all z € R}. (Condition (4) need only hold for the particular value of (7, d, a) associated
with the posterior density at hand.) An argument similar to one used in Roy and Hobert (2010,
Section 3) shows that (4) holds if

0 (d+1-2a)d
/ w2 h(u) du < oo . 5)
0

Note that (5) always holds when a = %. Now assume that (4) holds, and define a parametric
family of density functions, indexed by z € R”}, that take the form

&(v;2) x o [Hh(fuzi)] Ig, (v) .
i=1

As with the parametric family (- ; s), when h is a standard density, £ often turns out to be standard

as well. For example, if / is gamma, inverted gamma, or generalized inverse Gaussian, then & turns



out to be a member of the same parametric family. If the current state of the Haar PX-DA Markov
chain is (8, 25,) = (8,%), then we simulate the new state, (37, 1,2, ), using the following

four-step procedure.

Iteration m + 1 of the Haar PX-DA algorithm:

1. Draw {Z/}! ;| independently with Z/ ~ 1[)<~ s (BT — yi)TE_l(ﬁT:ci - yz)), and call the

result 2/ = (2,...,2)).
2. Draw V ~ £(-; 2'), call the result v, and set z = (v2], ..., vz})T.
3. Draw

-1
Y1 ™~ IWd<n —p+2a—d-—-1, (yTQfly — uTQflu) > .

4. Draw B:n—f—l ~ p,d(,ua Qv Z:;H—l)

Note that the only difference between this algorithm and the DA algorithm is one extra uni-
variate draw (from &(- ; -)) per iteration. Hence, the two algorithms are virtually equivalent from a
computational standpoint. Theoretically, the Haar PX-DA algorithm is at least as good as the DA
algorithm, both in terms of convergence rate (operator norm) and asymptotic efficiency (Hobert and
Marchev, 2008; Khare and Hobert, 2011; Liu and Wu, 1999). The following corollary to Theorem 1

is proven in the Appendix.

Corollary 1. Assume that (N1) and (N2) hold. Let h be a mixing density that satisfies condition
M as well as (4). If any one of the following conditions holds, then the Haar PX-DA Markov chain

is geometrically ergodic.
1. his zero near the origin.
2. h s strictly positive in a neighborhood of zero, and faster than polynomial near the origin.

3. h is strictly positive in a neighborhood of zero, and polynomial near the origin with power
n—p+2a—d—1

c> 5

The remainder of this paper is organized as follows. Section 2 contains a brief description of the
latent data model that leads to the DA algorithm, as well as a formal definition of the DA Markov
chain. Section 3 contains a drift and minorization analysis of ® that culminates in a simple sufficient
condition for geometric ergodicity that depends only on /. This result is used to prove Theorem 1
in Section 4. In Section 5, we consider the implications of Theorem 1 when A is a member of one of

the standard parametric families, and we also develop conditions under which a mixture of mixing



densities leads to a geometric DA Markov chain. In Section 6, we construct and study closed-
form upper bounds on the total variation distance to stationarity for the DA Markov chain in the
special case where h is an inverted gamma density with shape (d 4+ 1)/2 and unit scale. Finally, the
Appendix contains the definitions of the inverse Wishart (IW,;) and matrix normal (N,, ;) densities,

as well as a proof of Corollary 1.

2 The latent data model and the DA Markov chain

In order to formally define the Markov chain that the DA algorithm simulates, we must introduce
the latent data model. Suppose that, conditional on (3, X), { (Y, Z;)}?_, are iid pairs such that

Yi|Zi = 2 ~ Na(8" 2,5/ 2)
Zi~h.

Denote the joint density of {(Y;, Z;)}™, by f(y, z’ﬁ, Y)). It’s easy to see that

/Rn fly, =

where the right-hand side is the joint density of the data defined at (3). Now define a (possibly

B,X)dz = f(y

572)7

improper) density on RP*? x S; x R’ as follows

(8,5, z|y) = f(y, 2|8, Z)w(B, D),

and note that

/R (8,5, 2ly) dz = F(y]B. %) w(B.5) . ©)

e
It follows that 7(53, X, z|y) is a proper density if and only if the posterior distribution is proper.
Importantly, whether 7 (53, %, z‘y) is proper or not, conditions (/N1) and (/N2) guarantee that the
corresponding “conditional” densities, (3, X|z,y) and 7(z|5,%,y), are well-defined. Indeed,
m(5,%|z,y) = 7(B|%, z,y)7(X|z,y), and routine calculations show that 7 (5|X, z,y) is a matrix
normal density, and 7(X|z, y) is an inverse Wishart density. (The precise forms of these densities
can be gleaned from the algorithm stated in the Introduction.) It is also straightforward to show that

n

7T(Z|ﬁ, 27 y) = H @ZJ(Zz, Ti) 3
i=1
where r; = (ﬂTa:i — yi)TE*I(ﬁTa:i — yz) fori=1,2,...,n.
The DA algorithm simulates the Markov chain @ = {(8,,,%,,)}2>_,, whose state space is
X := RP*4 x S, and whose Markov transition density (Mtd)

R(B.EI5E) = [ w6 Bl w15 By de

+



We suppress dependence on the data, y, since it is fixed throughout. Note that 7(/3,X|z,y) and
m(z|B, %, y) are both strictly positive on Z = {z € Ry : h(z) > 0}, and Z has positive Lebesgue
measure. Therefore, kz(ﬂ, E‘B , i) is strictly positive on X x X, which implies irreducibility and
aperiodicity. It’s easy to see that (6) is an invariant density for ®. Consequently, if the posterior is
proper, then the chain’s invariant density is the target posterior, 7*(/3, ¥|y), and the chain is positive
recurrent. In fact, it is positive Harris recurrent (because k is strictly positive).

We end this section by describing an interesting simplification that occurs in the special case
where a = (d + 1)/2 and n = p + d. Roy and Hobert (2010) show that when a = (d + 1)/2, we

have T h(z1)
wel) = [ [ aGzsasis s — el
0 S QI |2 E AT
which is not necessarily integrable in z, because the posterior is not necessarily proper (see, e.g.,
Fernandez and Steel, 1999). (Recall that () and €2 are both functions of z.) However, when n =

p + d, A is square and non-singular (because of (/N1)), and we have the stunningly simple formula

m(2ly) oc [T ) -
i=1

Consequently, when a = (d+1)/2 and n = p+ d, the posterior distribution is proper, and if we are
able to draw from the mixing density, h, then we can make an exact draw from the posterior density
by drawing sequentially from 7(z|y), m(23|z,y), and 7(5|%, z,y), and then ignoring z.

In the next section, we develop a condition on A that implies geometric ergodicity of the DA
Markov chain, ®.

3 A drift and minorization analysis of ®

Assume that the posterior distribution is proper. Then the DA Markov chain, ®, is geometrically
ergodic if there exist M : X — [0,00) and p € [0, 1) such that, for all m € N,

/Sd /RT"Xd

where k™ is the m-step Mtd. The quantity on the left-hand side of (7) is, of course, the total

E™(8,2|8,%) — (8, 2ly) | dBdE < M(3,%) p™ (7

variation distance between the posterior distribution and the distribution of (3,,, 2,,) conditional
on (89, 20) = (B,%). We will establish that (7) holds using the so-called drift/minorization method.
(For background, see Jones and Hobert (2001) and Roberts and Rosenthal (2004).) We begin by
describing exactly what drift and minorization are in the context of our problem.

Drift condition: Let V : RP*? x S; — [0,00), and assume that there exist A € [0,1) and
L < R such that

/ / V(8,2)k(B,%|5,%)dBdE < AV(3,%) + L
S4 RpXxd

9



for all (3,%) € RP*4 x S,

Minorization condition: Fix [ > 0 and define B; = {(6, ¥) V(B < l}. Assume that
there exist € € [0, 1) and a probability density function f* : RP*? x S; — [0, 00) (both of which
depend on [), such that

k(B,218,%) > ef*(B,%)
for all (B, i) € B,.

The following result, which follows directly from Theorem 12 in Rosenthal (1995), provides a
bound on the total variation distance in terms of the drift and minorization conditions.

Theorem 2 (Rosenthal, 1995). Suppose that ® satisfies a drift condition and a minorization con-
dition for some | > 2L/(1 — \). Fix the starting value ®y = (5,%), and define two constants as

follows
1+1

YT I oL N
Then for any 0 < r < 1,

jﬁth;de

Note that the right-hand side of (8) decreases as A and L decrease, and as € increases. Note also
that (8) implies that

/Qd1A;PXd

and U =1+2(N+1L).

k™ (8,5

B,%) —7*(8,3ly)| dB dE < (1—e)rm+(cg;) (1+1_LA+V(B,2)>.
(3

K"(8,%]8,%) - 7*(8, Zly)| dB 4T

< [max {(1 —e, ;{Hm@ P VD)

which has the same form as (7). Thus, Rosenthal’s result provides us with a constructive method of

establishing geometric ergodicity. Indeed, if one can establish a drift condition, and an associated
minorization condition (with [ > 2L/(1 — X)), then the chain is geometrically ergodic. This is
exactly how we will prove Theorem 1.

Here is the main result of this section.

Proposition 1. Let h be a mixing density that satisfies condition M. Suppose that there exist

NS [O,m) and L € R such that
d—2 su
Cuz e 2 h(u)d
fooo“ e 2 hlwdu o ©)
Jo uze 2 h(u)du

for every s > 0. Then the posterior distribution is proper, and the DA Markov chain is geometrically

ergodic.

10



Proof. We begin by noting that the drift and minorization technique is applicable whether the poste-
rior distribution is proper or not. (In more technical terms, it is not necessary to demonstrate that the
Markov chain under study is positive recurrent before applying the technique.) Moreover, the DA
Markov chain cannot be geometrically ergodic if the posterior is improper (since the correspond-
ing chain is not positive recurrent). Hence, conditions that imply geometric ergodicity of the DA
Markov chain simultaneously imply propriety of the corresponding posterior distribution.

Our drift function, V : RP*4 x Sq — Ry, is as follows

n
V(B,E) = (4= BT2) S (i — BT a) -
i=1
We choose to work with this particular drift function because it is precisely the drift function that
was used by Roy and Hobert (2010) to establish geometric ergodicity of the DA algorithm in the
special case where the mixing density is gamma (and a = %). Indeed, since steps 2. and 3. of
the DA algorithm do not depend on the mixing density, we are able to recycle some of their drift

calculations.
Part I: Minorization. Fix [ > 0 and define
B ={(8%): V(35 <}

We will construct e € (0, 1) and a density function f* : RP*4 x S; — [0, 00) (both of which depend
on 1) such that, for all (3,%) € By,

k(B,%13,%) > ef*(B,%) .

This is the minorization condition. We note that it suffices to construct ¢ € (0,1) and a density
function f : R — [0, 00) such that, for all (5,%) € By,

(2|8, 2, y) > ef(2) -

Indeed, if such an f exists, then for all (3, %) € B;, we have

k@mggz/

n
R+

(8, 8z ) 7(21B, S ) dz > € / 78, Slzy) f(2) dz = ef*(8.5) .

RY

We now build f. Define 7; = (yi — Bl )Ts1 (yi — AT ;), and note that

- n L 4 Fz
w218, %,y) = [ [ ¢z 7) = [ [ o(7) 22 7= h(z) -
i=1 i=1
Now, for any s > 0, we have
1 1
b(S) = o d su 2 o 4
Jo uze 2 h(u)du [T u2 h(u)du



By definition, if (B, f]) € By, then 2?21 7; < [, which implies that 7; < [ foreachi = 1,...,n.
Thus, if (5, f)) € By, then foreachi = 1,...,n, we have

P d .
_ Pz a lz;

d
z7e "2 h(z)>z7e 2 h(z).

Therefore,

u d
[fooo use™3 h(u) du] " ﬁ 27 e h(z;)

Ie u’ h(u) du Pl uie 3 h(u) du

= ef(2). (10)

Hence, our minorization condition is established.

Part II: Drift. To establish the required drift condition, we need to bound the expectation of
V(Bms1, Smy1) given that (B, 2,n) = (B, ). This expectation is given by

/ / V(8,5) k(8,513,£) dp d
Sy JRpXd

- /]R {/S [/va, ) w415, 2,) dﬁ] (52, ) dz}ﬂzrﬁ,i,y) dz .

Calculations in Roy and Hobert’s (2010) Section 4 show that

n

/Sd [/Rd V(B,Z)m(BI%, z,y) dﬁ] (2|2, ) dE < (n—p+2a—1) Z; _

=1

It follows from (9) that

/Rn {/Sd [/RWV(& Y)m(BI%, z,y) dﬂ] (3|2, y) dE}ﬂ'(z[B,f},y) dz

< (n—p+2a—1)/n [iﬂw(zﬁ@y)dz

R

i=1
=Mn—p+2a—1) Zb(ﬂ)/ u'T e E h(u) du
i=1 0
<(n—p+2a-— 1)<)\Zﬂ-+nL)
i=1

=AXn—p+2a—-1V(B,X)+ (n—p+2a—1)nL
=\NV(3,6)+ L,
where \' := A(n—p+2a—1) € [0,1) and L' := (n—p+2a—1)nL. Since the minorization condition

holds for any [ > 0, an appeal to Theorem 2 yields the result. This completes the proof. O
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Remark 1. A straightforward argument shows that, if the mixing density h(u) satisfies the con-

ditions of Proposition 1, then so does every member of the corresponding scale family given by
%h(%),fora > 0.

In the next section, we parlay Proposition 1 into a proof of Theorem 1. The key is to show that

h satisfies (9) as long as it converges to zero at the origin at an appropriate rate.

4 Proof of Theorem 1

In this section, we prove three corollaries, which, taken together, constitute Theorem 1. There is
one corollary for each of the three classes of mixing densities defined in the Introduction. Before
we begin stating and proving these corollaries, we define some notation that will be used throughout
the remainder of the paper. Fix A € [0, 00), and let A(\) denote the set of mixing densities, h, that

are strictly positive in a neighborhood of 0, and for which there exists a constant, k), such that

I \/la e h(u)du
[ Vaue™ 2 h(u) du

< As+ k),

for every s > 0. For each mixing density, h, that is strictly positive in a neighborhood of 0, define
Ap =inf {A €[0,00) : h € A(N)} .

If h is not in A(X) for any A € [0, c0), then we set \;, = co. Here is an example. Suppose that h is
a Gamma(a, 1) density. If @ > 1/2, then routine calculations show that
Joo e Fh(wdu 2

fo (u)du_2a—1”za_1- (11)

So, in this case, A\j, = On the other hand, if « € (0,1/2], then A\, =

2a1

4.1 Case I: Zero near the origin

Corollary 2. Let h be a mixing density that satisfies condition M. If h is zero near the origin, then

the posterior distribution is proper and the DA Markov chain is geometrically ergodic.

Proof. Fix s > 0, and recall that h(u) = 0 for u € (0, d) for some § > 0. Hence,

fooou%e——h( )du_ SOoﬁui _%h(u)du<% 500’&2 e 7h
foooug e h(u)du [55Vuu e h(u)du \/gféoou% e h(u)du 9 .

Thus, the conditions of Proposition 1 are satisfied and the proof is complete. 0
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4.2 Case II: Polynomial near the origin

Our first result in this section shows that \;, is determined solely by the behavior of the density h

near 0.

Lemma 1. Suppose that h and h are two mixing densities that are both strictly positive in a neigh-

borhood of zero. If
h(u)

lim ——= € (0,00) ,

then, A\p, = Aj,.

Proof. Assume that \; < oo. We will show that A\;, < A;. Fix A € (A;,00) arbitrarily. Let
A* = (A; + A)/2. Since limy, 0 Z(—Z; € (0, 00), there exists n > 0 such that
h
Cl,n < ~(7u)

h(u)
for every u € (0, ], where Ciy, Coyy € Ry satisfy giz = )\—/\* > 1. Also, note that for such an 7,

fnoo Vue 2 h(u)du e 7 fnoo Vuh(u)du e T foo Vauh(u) du

T < P <
S, VaeTF h(u)du T [P fuemF huydu T 1P Juh(u) du

Consequently,

< Copy 12)

so there exists s, > 0 such that

fo su~ )du . f \/’lje %E( ) >\*
37u

f]R % h(u) du fR+

for every s > s,,. It follows from (12) and (13) that for every s >

(13)

fR+ ﬁ e h(u)du f N )du fnoo \} e 2 h(u) du
fR+ Viwe™ 2 h(u) du fR+ fR e 2 h(u)du

I ﬁ e 2 h u) du 1 f Vue 2 h(u) du
S su +
JoVue 2 h(u)du 7 fR+ Vue 2 h(u) du




Since h € A(\*), there exists k such that

e h(u)du 1
ﬁh Vi © T htwdn %(A*Hk) U_As+;k+ (14)
R4 u

for every s > s,. Our assumptions imply that fR+ ﬁ B(u) du < oo. Together with (12), this leads
© [p, ﬁ h(u) du < oo. Then, since

1 - e 1
w0 fR+ e h(u) du < fR u) du < ez fR+ o h(u) du
5€(0,81) fR Vue 2 h(u)du = seo,s,) €2 fo fh B fol Vuh(u) du
it follows from (14) that h € A(A). Hence, A\, < A. Since A € (A;, 00) was arbitrarily chosen, it
follows that A\, < Aj,.
Now assume that A\, < co. We can show that \; < Aj, by noting that
h(u)

: h(u)
i € (&) & lm gy € (000

and reversing the roles of h and h in the above argument. We have shown that A\, < oo if and only

if A\; < oo, and when they are finite, they are equal. O

Corollary 3. Let h be a mixing density that satisfies condition M. If h is polynomial near the origin
with power c > %‘I_d_l, then the posterior distribution is proper and the DA Markov chain is

geometrically ergodic.

Proof. We can write

S e huydu  Joo Jm e R (w) du
Ju e~ h(u)du fooo Ve 2 h*(u) du
where h*(u) is the mixing density that is proportional to uT h(u). It’s easy to see that h* is

polynomial near the origin with power ¢’ > %%_2. (Note that (N2) implies that ¢ > 0, so the
integral in the numerator on the right-hand side of (15) is finite.) Let h be the Gamma(c + 1,1)

; 15)

w\@. w

density, which is clearly polynomial near the origin with power ¢’. Then,

h:"(u) _ h*(u) ~uc
u—0 h(u) u—0 uc h(u)

€ (0,00) .

Thus, (11) and Lemma 1 imply that A\j= = A; = 1/(2¢ 4 1), and the result now follows from

Proposition 1 since
1 1

< .
2d+1 n—p+2a-—1

Ape =

15



4.3 Case III: Faster than polynomial near the origin

Lemma 2. Suppose that h and h are two mixing densities that are both strictly positive in a neigh-
borhood of zero. If there exists 1 > 0 such that % is a strictly increasing function on (0,7, then
An <A

Proof. First, fix s > 0 and define two densities as follows: h ,(u) = Ks e~ 2 h(u) I (o, (u) and
Bs,n(u) = f(sm e~ E(u) Lo (u), where K, and f(sm are normalizing constants. Since % is

strictly increasing on (0, 1], it follows that

han) | () _ K

_ Su>u'
hgm(u) h(u) K,

3

for some u* € (0,7). This shows that the densities ﬁsm and hy, cross exactly once in the interval
(0,m), which is their common support. Let F' and F denote the distribution functions associated with
hsn and hs.;, respectively. Note that, for ¢ € (0,u*), F(t) = F(t) = [ (s (1) — s y(u)) du > 0,
and for t € [u*,n),

Ft) - F(t) = /0 (o (12) — hsup(w)) dus = — /t " (g (0) = gy(u)) du > 0.

Hence, F(t) > F(t) for all t € (0,7). It follows that a random variable with density Bs,n is
stochastically dominated by a random variable with density A ;. This stochastic dominance implies
that

n 1o

n 1 n - n
— hgp(u)du > —=hgsp(u)du and / \/ﬂh& U dug/ \/ﬂh& u) du .
(16)
Now define two more densities as follows
h(u) - h(w)
h = —— ] d h = = I .
n(w) fon h(v)do ©om(uw) an () on h(0)d (o, (@)

It follows from (16) that

Hence, Ap, < )‘ﬁn' Since

h n h n_
lim (v) :/ h(v)dv € Ry and lim = () :/ h(v)dv € Ry,
u—0 hy(uw) 0 u=0 hy(u) 0
it follows from Lemma 1 that A, = Ap,, and \; = /\En' ]
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Corollary 4. Let h be a mixing density that satisfies condition M. If h is faster than polynomial
near the origin, then the posterior distribution is proper and the DA Markov chain is geometrically

ergodic.

Proof. Again, define h*(u) to be the mixing density that is proportional to u'T h(w). In light of
(15), it suffices to show that Ay~ = 0. First, note that A* is faster than polynomial near the origin.

Fix ¢ > 0 and define h(u) = (c + 1) u® Io,1)(u). Clearly, \; = ﬁ
polynomial near the origin, there exists 7. € (0, 1) such that %(u“)) is strictly increasing in (0, 7).
ﬁ. But ¢ was arbitrary, so A+ = 0. The result now

follows immediately from Proposition 1. O

Since h* is faster than

Thus, Lemma 2 implies that Ay« < A; =

Taken together, Corollaries 2, 3 and 4 are equivalent to Theorem 1. Hence, our proof of Theo-

rem 1 is complete.

S Examples and a result concerning mixtures of mixing densities

We claimed in the Introduction that every mixing density which is a member of a standard para-
metric family is either polynomial near the origin, or faster than polynomial near the origin. Here
we provide some details. When we write W' ~ Gamma(c, y), we mean that ¥ has density pro-
portional to w*~le™“7Ig, (w). By W ~ Beta(c, 7), we mean that the density is proportional to
w* (1 — w) (g 1y(w), and by W ~ Weibull(c, ), we mean that the density is proportional
to w* le W Iy . (w). In all three cases, we need o,y > 0. It is clear that these densities are
all polynomial near the origin with ¢ = a — 1. Moreover, condition M always holds. Hence,
according to Theorem 1, if the mixing density is Gamma(c, y), Beta(c,y) or Weibull(a, ) with

n—p+2a—d+1
2

o> , then the DA Markov chain is geometrically ergodic.

By W ~ F(v1, v2), we mean that W has density proportional to
w1—2)/2

(14 ()w) )2

v1
v2

IRJr (w) )

where v1,v9 > 0. These densities are polynomial near the origin with ¢ = (v; — 2)/2. To get a
geometrically ergodic chain in this case, we need 1 > n—p—+2a—d+1 and v» > d. (The second
condition is to ensure that condition M holds.) Consider the shifted Pareto family with density

given by
ol

(e Ir, (w),

where o,y > 0. This density is polynomial near the origin with ¢ = 0. Since the requirement that

c> %‘l_d_l forces c to be strictly positive, Theorem 1 is not applicable to this family.
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By W ~ IG(«, ), we mean that W has density proportional to w‘a_le_W/wI]RJr (w), where
o,y > 0. For any ¢ > 0, the derivative of log(h(w)/w°®) is

—(a+c+1 1
Saterl) o L[]

w w w w
which is clearly strictly positive in a neighborhood of zero. Hence, the IG(«, ) densities are all
faster than polynomial near the origin. Thus, Theorem 1 implies that, as long as « > d/2, the DA
Markov chain is geometrically ergodic.

By W ~ GIG(v,a,b), we mean that IV has a generalized inverse Gaussian distribution with

density given by
1 aNs o 1 b
h(w :7@) w’ L ex {—f(aw—i——)}l w) a17)
(w) 2K, (vab) \b P73 w) e (@)
where a,b € R} and v € R. Taking v = —% leads to the standard inverse Gaussian density

(with a nonstandard parametrization). By W ~ Log-normal(s,y), we mean that W has density

proportional to
1 1
—exp{ — %(logw - /1,)2) }IR+(w) ,

where 1 € R and v > 0. By W ~ Fréchet(a, ), we mean that W has density proportional to
w0t o= Lo Iy, (w),

where o, v > 0. Arguments similar to those used in the inverted gamma case above show that all
members of these three families are faster than polynomial near the origin. Moreover, condition M
holds for all the Log-normal and GIG densities, and for all Fréchet(c, ) densities with o > d/2.
Thus, the corresponding DA Markov chains are all geometric.

We end this section with a result concerning mixtures of mixing densities.

Proposition 2. Let I be an index set equipped with a probability measure . Consider a family of
mixing densities {hq }acr such that \p, = 0 for every a € 1. In particular, for every a € I and
every A € (0,1), there exists k, » > 0 such that

f()OO \/ﬂe_% ha(u) du

for every s > 0. Suppose that, for every A € (0,1),

sup kg ) < 00 . (18)
acl

Then A, = 0 where h(u) = [} hq(u) &(da).
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Proof. Fix A € (0,1). For every s > 0, we have

f°° = e’% hw)du [ ([5° ( ) du)&(da)

Jo© Vue = h(u) du fo ( ) du
- Jr(As + kax) (fo e~ hy (u) du)E(da)
B fo ( )du

du&(d
S ()\S + Sup ka,)\) fI fo su ( ) ug( a)
acl fo e 2 h( ) du
= As+supkg -
acl
Since this holds for all A € (0, 1), the result follows. O]

Remark 2. If the index set, I, in Proposition 2 is a finite set, then (18) is automatically satisfied.
Here’s a simple application of Proposition 2.

Proposition 3. Ler {h; } 2, be a finite set of mixing densities that all satisfy condition M, and are

all either zero near the origin, or faster than polynomial near the origin. Define

M
= w; hi(u)
i=1

where w; > 0 and Zf\i L w; = 1. Then the posterior distribution is proper and the DA Markov

chain is geometrically ergodic.

Proof. Since Proposition 2 implies that \;, = 0, the arguments in the proof of Corollary 4 can be

applied to prove the result. 0

6 Exact total variation bounds when / is inverted gamma

Our main results (Theorem 1 & Corollary 1) are qualitative in the sense that they provide conditions
under which certain Markov chains are geometrically ergodic, but they do not provide computable
bounds on the total variation distance to stationarity. In this section, we demonstrate that, for fixed
h, with a bit more work, we can sometimes get such computable bounds via Theorem 2. We assume

throughout this section that the mixing density is IG(d—gl, 1)

because the required calculations are
particularly simple in this case. Indeed, there is a closed form upper bound on the total variation
distance to stationarity, and we can study how this upper bound behaves as a function of n, p, d, and
the data.

Note that the right-hand side of (8) depends on A and L from the drift condition, ¢ and [ from the
minorization condition, as well as the drift function evaluated at the starting value. We now develop

closed form expressions for €, A, and L.
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Recall from (10) that
d lu
1 JoSuz ez h(u)du

en y
JoS w2 h(u) du

A simple calculation shows that the denominator is /7 /T’ (%) , and (17) shows that the numerator

equals

Now since K7% (u) = K% (u) = \/3-e ", it follows that e = e~"V2l Note that e does not depend
on p, d, nor on the actual data that is observed. On the negative side, when [ is fixed, € goes to zero
exponentially fast as n gets large. While the user does have some control over [, it cannot be chosen
any smaller than 2L/(1 — \).

We now develop an explicit drift function. First, using (17) and the fact that K_3(u) =
2

— /T —u 1
Ks(u) = /7€ (1+2), we have
I W e h(u)du /s N 1
I uie % h(u) du V2 20

Now fix B > 0, and note that

Vi, 1_ 1 .B 1
—_— — 78 —_— —
V2 272B "4 2

for all s > 0. Plugging this into the drift argument at the end of Section 3, we have

/ / V(8. 5) (8,513, £) dp d
Sy JRpxd

<(n—p+2a— -
i1 L [y uze 2 h(u)du

=(n-p+2a-1)) \/g+;:|

=1 -
“ 71 B 1]

<S(n—p+2a-1))  |s=fi+—+5

228" 1" 2
(n—p+2a—1)~_ nn—p+2a—1)
= 5% Zm-ﬁ- 1 (B+2)
i=1
(n=p+2a-1) =<~ nn—-—p+2a-—1)
= 55 V(B,%) + 1 (B+2)
=\V(3,2)+L.

Here, B is chosen so that A < 1. Suppose that B is independent of (p, d). Then A and L are

both free of d, and neither depends explicitly on the data. (Of course, if we use the default prior,
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a = (d + 1)/2, then both will depend on d, and increasing d will make things worse.) Both also
decrease with p. Note that in order to have A\ < 1, as n — oo, B must be at least O(n). Suppose
that B = O(n), then A = O(1), while L increases with n cubically. If B goes to infinity faster than
n, then \ can go to 0, but L goes to infinity faster than O(n?).
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Appendices

A Matrix Normal and Inverse Wishart Densities

Matrix Normal Distribution Suppose Z is an r X ¢ random matrix with density

1
(2m)5 | A% |BI3

fz(z) =

exp {— %tr{A_l(z _ 0B (s — e)T}] ,

where 6 is an r X ¢ matrix, A and B are r X r and ¢ X c positive definite matrices. Then Z is
said to have a matrix normal distribution and we denote this by Z ~ N, .(6, A, B) (Arnold,
1981, Chapter 17).

Inverse Wishart Distribution Suppose W is an r x r random positive definite matrix with density

|w\_m+2r+1 expq — 3tr(©@71w™t)
fW(w) = mr r(r—1) m {T' 1 } IST(W) ’
2% 7 )% [T, T(S(m +1— 1))

where m > r — 1 and O is an r X r positive definite matrix. Then W is said to have an inverse
Wishart distribution and this is denoted by W ~ IW,.(m, ©).

B Proof of Corollary 1

Let ® = {(Bm,Xm) 20 and ©* = {(55,,XF,)}5°_, denote the DA and Haar PX-DA Markov

chains, respectively. In both cases, the state space is X := RP*? x Sy
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Define a Hilbert space consisting of complex valued functions on X that are square integrable

and have mean zero with respect to 7*(3, X|y), namely

s ={rev@| [ [ remwesmass=of,

where

p@={rx>c| [ [ 156sree s <oof.
Sy JRpxd

For f, g € L(r), their inner product is given by

= [ [ 16.25E S (5.5l a8 i

and [| f[| = \/{f, f)x-

The DA and Haar PX-DA Markov chains are each associated with an operator on L3(). In-
deed, let k(3, 2|3, %) and k*(3*, £*|5*, £*) denote the Mtds of the DA and Haar PX-DA chains,
respectively. Let K : L3(w) — LZ() be the operator that maps f € L(r) into

KNGS = [ [ 16.2kE2IAD) s,

and define K* : L?(r) — L?(m) analogously using k* in place of k. Now let L§ ; () denote the

subset of LZ(r) consisting of functions with norm 1. The norm of the operator K is defined as

K= sup [Kf],
feLd (m)
and the norm of K™* is defined analogously.

The DA and Haar PX-DA Markov chains are both reversible (Hobert and Marchev, 2008). It
follows that, for these chains, geometric ergodicity is equivalent to having an operator norm strictly
less than 1 (Kontoyiannis and Meyn, 2012; Roberts and Rosenthal, 1997). Since the hypotheses
of Corollary 1 contain those of Theorem 1, it follows from Theorem 1 that || K || < 1. Finally, by
combining Hobert and Marchev’s (2008) Corollary 1, Proposition 1 and Proposition 4, we arrive at
the conclusion that || K*|| < ||K||. Hence, ||K*| < || K| < 1, so the Haar PX-DA Markov chain is
geometrically ergodic.
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