
Chapter 5: Summary

Chebyshev’s Inequality:

Suppose X is a random variable with E(X) = µ and V (X) = σ2. Then for every t > 0,

P (|X − µ| > t) ≤ V (X)/t2.

Law of Large Numbers:

Suppose X1, · · · , Xn are independent with common mean µ and common variance σ2. Let X̄n =
n−1

∑n
i=1

Xi. Then by Chebyshev’s Inequality, for every ε > 0,

P (|X̄n − µ| > ε) ≤ V (X̄n)/ε2 =
σ2

nε2
→ 0 as n → ∞.

This implies that X̄n converges in probability to µ, written symbolically as X̄n
P
→ µ. This is the simplest

version of the law of large numbers.

Central Limit Theorem:

Suppose X1, · · · , Xn are i.i.d. with mean µ and variance σ2 (0 < σ2 < ∞). Let Sn =
∑n

i=1
Xi,

X̄n = n−1
∑n

i=1
Xi. Then

P

(

n1/2(X̄n − µ)

σ
≤ x

)

= P

(

Sn − nµ

n1/2σ
≤ x

)

→ Φ(x)

as n → ∞, where Φ(x) is the cumulative distribution function of a N(0,1) random variable. We say that
X̄n is asymptotically N(µ, σ2/n) or Sn is asymptotically N(nµ, nσ2).


