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Abstracr: Bayesian methods are suggested for estimating proportions in the cells of cross-classifica-
tion tables having at least one classification with ordered categories. These methods utilize models
for cell proportions that incorporate the category orderings. The resulting estimators are smoother
and can be much more efficient than the sample proportions, yet they are consistent even if the
model chosen for the smoothing does not hold. Two approaches are considered: (1) Bayes
estimators using a Dirichlet prior distribution for the proportions; (2) Bayes estimators based on
normal prior distributions for association parameters in the saturated loglinear model. In each case,
the means of the prior distributions are chosen to satisfy a model for ordered categorical data, such
as the uniform association model. Empirical Bayes versions of the two analyses are also given.
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1. Introduction

In recent years, much attention has been devoted to the development of models
for analyzing cross-classification tables in which classifications have ordered
categories. In some applications, however, it is important to estimate cell propor-
tions in the table, yet there is no reason to expect a certain model to describe the
data well. Model-based estimators are inconsistent, when the model does not
hold. On the other hand, the sample proportions may not be desirable estimators,
especially if the data are sparse. In this article we suggest two Bayesian ap-
proaches to smoothing the sample proportions. In these approaches, a model still
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provides part of the mechanism for smoothing the data, in the sense that the
methods produce a shrinkage of the sample proportions toward a set of propor-
tions satisfying the model. The estimators combine good characteristics of sampie
proportions and of estimators that are completely model-based. Like sample
proporiions (and unlike model-based estimators), they are consistent. Like
model-based estimators (and unlike sample proportions), the estimators incorpo-
rate the ordinal nature of the data, giving smoother values that can have much
smaller total mean square error than the sample proportions.

In Section 2 we suggest a Bayesian analysis that applies directly to the cell
proportions. We use a variation of the Fienberg and Holland (1970, 1973)
approach of giving a Dirichlet prior distribution to the cell proportions. Our
Dirichlet prior distribution has expected value components satisfying a simple
model for ordinal data, such as Goodman’s (1979) uniform association model. In
a corresponding empirical Bayes approach, the expected value components in the
prior distribution are obtained from the regular maximum likelihood (ML) fit of
the ordinal model. In Section 3 we give a Bayesian analysis that applies to the
parameters of the saturated loglinear model, rather than directly to the cell
proportions. The expected values of normal prior distributions for the association
parameters in the saturated model again follow the structure of a simple model
for ordinal data. An empirical Bayes method that uses the EM algorithm is given
for estimating the parameters in the prior distributions.

Section 4 gives an example, and Section 5 gives results of a Monte Carlo study
in which empirical Bayes estimators based on Dirichlet prior distributions are
compared to the sample proportion estimator. The smoothed estimators are seen
to be much more efficient than the sample proportion, their relative advantage
increasing as the number of cells increases, as the sample size decreases, or as the
model utilized for the smoothing better approximates the pattern for the true
proportions.

Most of our ideas are presented in the context of estimating proportions in the
cells of a two-way table in which at least one of the classifications is ordered. We
assume that the sample cell counts n’ = (n,,,..., n,.) in the r-by-c¢ cross-classifi-
cation of X and Y have a multinomial (n, {7,,}) distribution, where n =3%n, ;.
Denote the expected values of the {n,;} by {m,;}. The local odds ratios

O ;=m m /M jomipy 1<isr—1,1<j<ce—1,

are useful for describing properties of models for the association between X
and Y.
Several simple and useful models are special cases of the model

log m,;=p+A + N+ Bu,y, (1.1)
considered by Goodman (1979). For this model,
log 6, =B(p;s1— p (v — ).

For the special case {u, =i} and {»,=} this is called the uniform association
(U) model, since {log 6,,=B}. When the {u,} are unspecified parameters and
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the {»;} are monotone scores, this is called the row-effects model, and when the
{v;} are unspecified and the {p,} are monotone scores it is called the column
effects model. One reason for the importance of this structural form is that it
contains as a special case a discrete version of the bivariate normal distribution
(Goodman 1985). This model is useful for both of the smoothing methods
described in this article.

2. Using an ordinal Dirichlet prior distribution for cells proportions

Fienberg and Holland (1970, 1973) described a simple Bayesian approach in
which the unknown cell proportions #’ = (,,...,m) have a Dirichlet prior
distribution with parameter 8" = (B,,,..., B,.); that is, the prior density function
1s

X XA
[ITI7(A,)

O<m,<1foralliand j, ) Y m=1,

where all B,,> 0. The prior mean of =, is y,,= B;,/K, where K=Y%8,,. The
posterior distribution of # is also Dirichlet, with parameter 8* = 8+ n. Let
a = K/(n+ K). The Bayes estimator for squared error loss is the posterior mean,

f(m) = I?[Ij](m,)ﬁ”‘l,

E(Wij‘n)=(1_a)pij+a7ij (2-1)
which 1s a weighted average of the sample proportion p,;=n,;/n and the prior
mean ;-

Formula (2.1) suggests that K can be interpreted as the number of observa-
tions that the prior information represents. The value of K for which the total
mean squared error (MSE) is minimized is

K(m, v)=[1- L2 [T E (v~ =) (22)

Fienberg and Holland suggested an estimator of =, having form (2.1), but with
K replaced by the ML estimator K( p, y) of K(=, y). For this choice,

a=[1-L TP T (v, =p) +(1- L r2)]. (2.3)

Following the arguments in Brown and Rundell (1985) for kernel estimates, one
could instead obtain an unbiased estimator of the total mean square error, and
then solve for the value of a that minimizes that estimator. This gives the
“minimum unbiased risk estimator”, for which

a={1-Y% Zp?,]/[(" -1 Z(Yu_P:‘j)z]

and there is greater smoothing than with the Fienberg-Holland estimator. Alter-
native estimators could be used for K, such as those discussed by Bishop et al.
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(1975), pp. 430-432) and such as the ratio unbiased and two-step estimators
suggested by Ighadaro and Santner (1982).

For ordinal variables, we suggest giving the {v,;} a pattern that reflects trends
expected in the association. Unless one wishes to posit specific values for the
{7:,}, it is probably easiest to select values that satisfy a simpie ordinal modei.
For instance, if both variables are ordinal, one often expects (at least approxi-
mately) a monotonic association of the type in which the {log §,;} are uniformly
of one sign. Then it is natural to let the {v,;} satisfy model (1.1) with monotone
scores. For the U model, for instance, the choices of the common local log odds
ratio B and the row and column marginal probabilities determine the {v,; }.

One can bypass having to choose the {v,;} by using an empirical Bayes
approach, for which the {v;,;} depend on the data. Fienberg and Holland
suggested {¥,,=p;.p.,}, where p,. =Y p,. and p,; =X, p;;, which shrinks the
sample proportions towards the fit of the independence model. To utilize the
category orderings, we instead recommend using {9;;} that are ML fitted
probabilities for a simple ordinal model. If we select the U model, for instance,
then the component means of the fitted Dirichlet prior distribution for {7}
match the data in the marginal distributions and in the correlation, since the
likelihood equations for the U model are {¥,, =p,.}, {¥.;,=p,}, and ZXij¥,; =
Y.Xijp,;. The resulting posterior estimator has the appealing property of being a
weighted average of the sample proportion and the ML fitted proportion for the
U model. For fixed n, the weight given to the sample proportion decreases as the
fit of the U model improves.

This strategy can be suitably modified for cross classifications of ordinal with
nominal variables. For instance, if the row variable is nominal and the column
variable is ordinal, one often expects (at least approximately) the conditional
distributions within the rows to be stochastically ordered on the ordinal variable.
Then, it is reasonable to let the {§,,} be ML estimates of cell proportions for a
model that has this property, such as the row effects model. For that choice, the
component expected values of the fitted Dirichlet prior distribution is an rc-vec-
tor that matches the sample proportions in the marginal distributions and in the
row means {¥ ¥;p;,/P;s, i=1,....,1}.

3. Using ordinal normal prior distributions for loglinear model parameters

Leonard (1975) and Laird (1978) proposed estimating proportions in a two-way
table through a Bayesian analysis of the parameters of the saturated loglinear
model,

log m,;=p+N +N + A,

Laird let the marginal parameters {A}} and {)\);} have independent uniform
(improper) prior distributions over the real line, subject to the constraints
IAf =XA' =0, and she let the association parameters {A;;} have independent
N(O, o) distributions. She also suggested empirical Bayes analyses in which one
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estimates o by finding the value that maximizes an approximation for the
marginal distribution of n, evaluated at the observed data.

The use of zero for the prior means for the {A,;} provides a shrinkage towards
the independence model. For ordinal data, one could instead let the prior means
be terms in a simple structural model that describes ordinal relationships. For
instance, we suggest taking E(A;;) = Bu,v;, corresponding to model (1.1). Our
analysis is an adaptation of the one presented by Laird, in which we provide this
additional prior structure. Suppose both variables are ordinal but there is no
natural set of category scores. If one expects some (unspecified) monotonic form
of association, it is simplest to use the scoring {p,=i—(r+1)/2} and {»; =/ —
(¢ +1)/2}, for which the mean of the prior distribution for A,; is the association
term in the U model. Specification of B8 in this prior mean reflects beliefs about
the direction and strength of association. Specification of o reflects beliefs about
the degree to which the {A,;} approximate a uniform association structure with
that strength of association.

Let =AY, .., A, AV ...\ _., AL,.... A,.). The posterior density func-
tion of @ has the form

h(8|n; B, 0)x CXP{E Z”;j log(m;;) — )y Z(Aij_ﬂﬂivj)z/zoz}'

We take the approach of Leonard (1975) and Laird (1978) of using the mode 6*
of the posterior distribution as the estimator of . This estimator corresponds to
an estimator 7* of o, for which the expected frequency estimates { m* = na*¥
satisfy the equations

* — | =—
mi+_ni+’ 1_1"",r’

b J— —

mi=n_, j=1l,...,c¢,

* * __ 2 . .
m,-j-n,-j—(A,j ,By.,-vj)/o, i=1,...,r, j=1,... c.

From the second derivative matrix of the log posterior with respect to 8, it
follows that the { m};} satisfying these equations are unique. If all #,, > 0 and all
n,;>0, then all =¥ >0, even if some n,,=0. The equations imply that as
0’ — o0, {m} —n,,}, whereas as as 0> =0, A%, — Bpv; and hence the {m})
converge to values that satisfy model (1.1) with association term identical to the
mean of the prior distribution. For fixed 6> 0, as n — oo, 75 =pi;+0,(1/n).

To avoid having to choose 8 and o2 in the prior distributions for {A,,}, one
can instead use an empirical Bayes solution. Here, we adapt the approach
suggested by Laird (1978) and also by Chuang (1982) for a different model. The

posterior density is related to the prior density g(8) and the likelihood f(n|8) by
h(@in: B.0)=g(8)f(n|0)/m(n; B, o),

where m(n; B, o) denotes the marginal probability function of n. Viewing the
marginal distribution as a function of (8, 6), for a given n, we estimate the
parameters in the prior distribution by maximizing this “marginal likelihood”.
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Using the same arguments given by Laird, we obtain equations for maximizing

m(n; B, o),
E(L XN, |0, B, o) =rco®+ B2 Y Y uiy; (3.1)
and

E(X X pw, ln, B, o)=BY Y ulvk. (3.2)

The EM algorithm can be applied to solve equations (3.1) and (3.2) as follows.
Given current values o'’ and 87, for the E step one calculates

t(p)=E(Z 21n, B, U(p))

and

u(p)=E(Z E”‘i”jxij'n’ BP, o(p)).

Then for the M step one lets

B+ = u(p)(z Zulz_yjz)“1

and

(ot 1) = [0 = (B2 T Tun2| e

The conditional expectations require integration with respect to the posterior
distribution. One can approximate this integral by replacing the posterior distri-
bution by the normal distribution N(8*, ¥*) having the same mode and whose
log has the same curvature at the mode as the log of the true posterior. Thus, the
E step of the EM algorithm is implemented by taking

=y Z(}\Tj)z +Y o and u'P=3y Z#;V,—}\Tj

where {0} are the estimated variances, obtained from L*, of the rc values
{A*} obtained in the p™ iteration. The matrix ©* has the same form as given by
Lalrd (1978, p. 586).

Since

[B(p+1)]zz 22 [gpz)z_[z’”’v}\*] \ZZ( )
uiv; H,VJ

it follows that [6‘7*P]? > (3 o*)/rc. Hence, the empirical Bayes estimate of o
is nonnegative.

For this application the EM algorithm may converge extremely slowly, and
there need not be a unique solution. In fact, (¢ = 0, arbitrary ) are always roots
of these equations. We suggest using a wide variety of initial values for 8 and o
in order to check whether the obtained solution depends on the initial choice. To
guard against choosing an inappropriate solution, we also suggest comparing
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results to those obtained with an alternative approximation. For instance, we
adapted an alternative approach suggested by Laird. Since

m(n; B,o)=g(8; B,0)f(n|0)/h(8|n; B, o) foralld, (3.3)

it can be approximated by dividing the product of the likelihood and prior
density by the normal approximation discussed previously for the posterior
density. The resulting approximation for the marginal distribution should be
reasonable when the normal approximation for the posterior distribution is
evaluated at #=6*. Using this substitution for each 6 term in (3.3), we
calculated numerically the approximate marginal distribution for a rectangular
grid of (B, o) values, in order to determine an approximation for the (8, o) value
that maximizes the marginal distribution.

For several examples studied by the authors, both approaches for determining
(B, o) gave very similar results. Because convergence was slow with the EM
algorithm, however, and since there exist multiple solutions to equations (3.1) and
(3.2), we have found the second approximation more useful, particularly when
o =0. In this approach, a very broad range of (B, o) values was first used to
determine the general behavior of the marginal distribution and to determine the
region in which its maximum occurs, and then a refined grid of (8, o) values was
used to better determine the location of the maximum. Computer programs for
obtaining the empirical Bayes solution using these approximations are available
upon request from Dr. Chuang.

An interesting characteristic of the empirical Bayes approach is that if the
standard ML fit of model (1.1) is exceptionally good, then the marginal distribu-
tion of n is sometimes maximized at a (f8, o) pair for which o = 0. When this
happens, we conjecture that the 8 value in that maximizing pair is identical to the
standard ML estimate ,é for model (1.1). Our reasoning is as follows. Consider
expression (3.3) for fixed n and fixed B. This expression holds for all @, and
hence it applies at the posterior mode #*. Now as o | 0 the posterior density of 8
loses its dependence on n, becoming more similar to the prior density, and it
seems as if the ratio of the prior and posterior densities evaluated at the posterior
mode would converge to 1, hence losing its dependence on B. Thus, as ¢ |0,
finding the B value that maximizes m(n; 8, 6) becomes more similar to the
problem of maximizing the regular likelihood f(n|#) subject to the constraints
{A,;=PBu,v;} for § implied by o =0. This latter maximization corresponds to
ML estimation of 8 in model (1.1). If our conjecture is true, then the posterior
estimate of A, is ,ép,.vj, and since mf, =n,, and m¥;=n_, for all / and J, it
follows that the {m?} are identical to the ML estimates for model (1.1). This
result gives an interesting interpretation to the empirical Bayes solution: If model
(1.1) fits extremely well, one estimates the cell proportions using the ML expected
frequency estimates based directly on that model; otherwise, one uses estimates
that correspond to a less severe smoothing of the sample proportions.

When the row variable is nominal and the column variable is ordinal, one
could still use the N(Buv;, 6?) prior distribution for A, ;. but it no longer is
appropriate to use monotone scores for {u,}. One could instead use the para-
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meterization N(7v;, 6?), where {»;} are fixed (e.g.. equal-interval) and 6% and
the { 7,}, satisfying ¥7, = 0, are parameters. Then, the mean of the prior distribu-
tion is the association term in the row effects model. The empirical Bayes
approaches discussed previously can be adapted to this situation.

Like the approach of Section 2, the Bayesian procedure discussed in this
section does not smooth the row or column marginal proportions. Such a
smoothing can be obtained, however, by using proper prior distributions for the
marginal parameters. For instance, one could let the {Kf } be independent
N(0, 67) and the {\"} be independent N(0, o;).

4. Example

Next we illustrate the smoothing approaches by estimating cell proportions for
Table 1, taken from Maxwell (1961), giving data on severity of disturbed dreams

Table 1

Expected frequency estimates based on (1) sample proportions, (2) ML estimates for model (1.1),
(3) Empirical Bayes estimates with Dirichlet prior distribution for {,;}, (4) Empirical Bayes
estimates with normal prior distributions for {A,;}

Age Estimate Severity of Disturbances of Dreams
Not Severe Very Severe
1 2 3 4

5-7 1 7 4 3 7
2 4.80 3.39 5.23 7.58
3 5.78 3.66 424 7.32
4 5.34 351 4.83 7.31

8-9 1 10 15 11 13
2 16.41 9.09 11.01 12.50
3 13.56 11.72 11.01 12.72
4 14.61 10.74 10.98 12.66

10-11 1 23 9 11 7
2 2141 9.76 9.73 9.10
3 2212 9.42 10.29 8.17
4 22.09 9.51 9.87 8.54

12-13 1 28 9 12 10
2 30.72 11.53 9.46 7.29
3 2951 1041 10.59 8.49
4 29.67 11.02 10.22 8.09

14-15 1 32 5 4 3
2 26.67 8.24 5.57 3.53
3 29.04 6.80 4.87 3.29
4 28.29 7.22 5.09 3.41

Source of data: Maxwell (1961).
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for a sample of 223 boys. In utilizing model (1.1), we assigned midpoint scores
p’ = (6, 8.5, 10.5, 12.5, 14.5) to the age variable and equal-interval scores {», =
— 3.5) to severity of disturbed dreams. Table 1 contains the estimated expected
frequency estimates based on (1) the sample proportions (i.e., these are the cell
counts), (2) the ML fit of model (1.1), (3) the empirical Bayes approach with a
Dirichlet prior distribution for cell proportions that smooths towards the fit of
model (1.1) (namely, (2.1) with a obtained using (2.3) with v,; replaced by the
fitted values for that model), and (4) the empirical Bayes approach using
{N(Bpv; 0?)} prior distributions for {A,;} in the saturated loglinear model.

Model (1.1) with the indicated scores fits these data quite well. The likelihood-
ratio goodness-of-fit statistic equals 14.6, based on 11 degrees of freedom, and the
ML estimate of 8 equals —0.097.

When we use the Dirichlet prior distribution for {7,;} with {¥,,} that are the
ML fitted probabilities for the model (1.1), then the weight given to the model
(1.1) estimates is a = 0.56. The moderately strong weight reflects the good fit
obtained with that model.

For the empirical Bayes approach with prior distributions for the { A, }, the
EM algorithm produces 8= —0.092 and o = 0.184 for the parameterization of
the normal distributions. Direct approximation of the marginal distribution of n
suggested that its value for the observed data is maximized approximately when
B = —0.094 and o =0.187. The relatively small value for o (compared to the
values of Bu,»; in the corners of the table, for instance) again reflects the good fit
obtained with the model (1.1). The values 8 = —0.092 and o = 0.184 were used in

Table 2

Expected Frequency Estimates based on (1) Sample Proportions, (2) ML Estimates for U Model.
and Empirical Bayes Estimates with Normal Prior Distributions for {A,;}. and (3) Empirical Bayes
Estimates with Dirichlet Prior Distribution for {7}

Mental Health Estimate Parents’ Socioeconomic Status
Status A B C D E F
Well 1 64 57 57 72 36 21
2 65.3 54.2 559 65.3 39.0 27.3
3 64.9 55.0 56.2 67.1 38.1 25.6
Mild 1 94 94 105 141 97 71
Symptom 2 104.4 949 107.2 1370 89.6 68.8
Formation 3 101.5 94.7 106.6 138.1 91.6 69.4
Moderate 1 58 54 65 77 54 54
Symptom 2 50.2 499 61.7 86.4 61.8 52.0
Formation 3 52.3 51.1 62.6 83.8 59.6 52.6
Impaired 1 46 40 60 94 78 71
2 4?1 459 62.2 95.3 74.7 68.8
3 43.2 443 61.6 94.9 75.6 69.4

Source of data: Srole et al. (1962)
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the normal prior distributions that generated the posterior distribution corre-
sponding to the expected frequency estimates given in Table 1. For these data,
the Dirichlet and normal-based priors gave very similar results in terms of the
smoothings provided of the sample cell counts.

Table 2 is an example of data for which the empirical Bayes approach for
parameters in the saturated loglinear model gives a degenerate prior distribution
and hence gives cell proportion estimates identical to the ML estimates for model
(1.1). The data are taken from Srole et al. (1978, p. 289), and were analyzed in
Goodman (1979). Theory and research in mental health studies have suggested
that mental health improves with increasing socioeconomic status (SES) of
subjects or their parents (see, e.g., Dohrenwend and Dohrenwend, 1969). Hence,
it makes sense to smooth towards a model, such as the U model, that represents a
monotonic association. In fact, the U model fits the data extremely well, with
likelthood-ratio goodness-of-fit statistic equal to 9.9, based on df = 14.

When we use the Dirichlet prior distribution for {7} with {9,,} that are ML
fitted probabilities for the U model, then a = 0.72, so the smoothed estimates are
quite similar to the ML estimates for the U model. For the empirical Bayes
approach with N(Bp,v,, o?) prior distributions for the {A, ;) in the saturated
loglinear model, the EM algorithm and direct approximation of the marginal
distribution of n given (8, o) both suggested the use of 8 =0.09 and o = 0.00 in
the prior distributions. In fact, §=0.091 is the ML estimate of B for the U
model.

5. Improvement in estimation using smoothed estimators

In this section we give the results of a Monte Carlo study that illustrates how
smoothed Bayes estimators can be substantially better than sample proportions.
This study used only the empirical Bayes estimator for the Dirichlet prior
approach of Section 2, because computation time is much less for the normal-prior
based estimator of Section 3.

The study was also designed to study how various factors affect the behavior of
the smoothed vs. unsmoothed estimators. We compared the mean square error of
the sample proportions and of the smoothed estimators, by varying

1. Table size

a. 3x3
b. 6 X6
2. Sample size
a. n=50
b. n=200
3. Whether the U model holds
a. Yes
b. No - Model (1.1) holds with scores {1, 2.5, 3} for 3 X3 case,
{1,2.8,4.2,5.2, 5.8, 6} for 6 X 6 case.
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Table 3
Mean Square Errors for Estimators of Cell Proportions
rxce B n Estimator
Sample Uniform- Independence- Uniform
Proportion smoothed smoothed model
U Model Holds
3x3 0.1 50 0.099 0.067 0.060 0.062
200 0.099 0.068 0.064 0.062
04 50 0.098 0.069 0.076 0.064
200 0.098 0.067 0.095 0.062
6X6 0.1 50 0.027 0.012 .0.013 0.009
200 0.027 0.012 0.016 0.009
04 50 0.027 0.014 0.018 0.012
200 0.027 0.014 0.024 0.012
U Model Does Not Hold
3x3 0.1 50 0.099 0.067 0.060 0.063
200 0.099 0.068 0.065 0.064
04 50 0.098 0.072 0.078 0.071
200 0.098 0.084 0.098 0.097
6Xx6 0.1 50 0.027 0.013 0.013 0.010
200 0.027 0.013 0.017 0.012
04 50 0.027 0.016 0.019 0.016
200 0.027 0.020 0.024 0.032

4. Strength of association
a. 8=0.1 in model (1.1)
b. 8 =0.4 in model (1.1)
Uniform marginal probabilities {7, =1/r} and {7,;=1/c} were used for all
cases. The Dirichlet prior distribution was based on the ML fit of the U model,
namely (2.1) where a was calculated using (2.3) with v,; replaced by the ML
estimate of «;; using the U model. For illustrative purposes, we also compared
this estimator and the sample proportion to the ML estimator based completely
on the U model and to the Bayes estimator whose Dirichlet prior distribution is
based on the ML fit of the independence model (i.e., (2.1) where « is calculated
using (2.3) with v,; replaced by p,,p, ).
For each estimator #;; of =, Table 3 contains the value of
"Z::l Z,Z,(ﬁu,a - '”ij)z

Mrc

(5.1)
for each of the sixteen combinations of conditions, where , .« denotes the value
of #;, in the a™ randomly generated table. The M = 5000 simulations used the
GGMTN multinomial generator in IMSL, on an IBM 3081 computer. For this M
value, the standard errors of the values in (5.1) are all less than 0.001. For the
sample proportion estimator, we report the exact expected value of (5.1), which is

a- ZZvrii-)/rc.
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When the U model holds, the amount of smoothing is substantial for the
U-smoothed empirical Bayes estimator. Its mean square error is considerably
smaller than that for the sample proportion, and is nearly as small as that for the
estimator based completely on the U model. Not surprisingly, the U-smoothed
estimator improves on the independence-smoothed estimator as the strength of
association B increases, and as the sample size n increases.

Similar remarks apply when model (1.1) holds but the U model does not,
though as » increases it naturally becomes more advantageous to use the
smoothed proportion estimators instead of those based completely on the U
model. However, it is only for the largest values of r X ¢, B8, and n considered
(the last row in Table 3) that the inconsistency of the U model estimator starts to
affect its performance seriously. The uniform-smoothed estimator does well in all
cases considered. The MSE is quite a bit smaller than that for the sample
proportion even when the U model does not hold and with n as large as 200.

6. Generalizations and alternative approaches

This article has considered only two-way tables. In principle, the arguments
extend to multi-dimensional tables having some ordinal classifications. For the
approach of Section 2, one selects an appropriate ordinal model for the mean of
the Dirichlet prior to satisfy. For many purposes it would be adequate to choose
a model that structures the two-factor associations and excludes three-factor or
higher interactions. Examples of such models were given by Clogg (1982) and
Agresti and Kezouh (1983). For the approach of Section 3, one lets the highest-
order interaction terms in the saturated model have independent normal prior
distributions, where the means in the prior distributions are terms in an ordinal
model that one expects to approximate the true form of the interaction. The
Dirichlet approach is considerably simpler to implement particularly for tables of
several dimensions.

There are many ways other than Bayesian methods to smooth ordered categori-
cal data. Kernel methods were discussed by Titterington (1980), Titterington and
Bowman (1985), and Brown and Rundell (1985). An advantage of these, com-
pared to most of the Bayes methods discussed here, is that the marginal
proportions also are smoothed. A disadvantage is that the choice of kernel
method is usually ad hoc rather than theory-based. In some of our simulations we
used the kernel estimator #* = (I + aG)’p, where the matrix G has all g, = —1
and gives influence of p,, on =% proportional to

O_S(a—c)2+(b—d)2

and where a was chosen to minimize an unbiased estimate of the total mean
square error. Compared to the empirical Bayes approach of Section 2, the kernel
approach was more successful (i) as the true cell proportions were more nearly
constant, (ii) as the model used for the Bayesian smoothing fitted the true
proportions more poorly, and (iii) as the sample size decreased.
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Simonoff (1983) and Titterington and Bowman (1985) discussed the penalized
likelihood approach, in which the smoothed estimator is obtained by maximizing

L =log likelihood — @ (),

P stm i tle
11
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at decr

more smooth, in some sense. For two-way tables Simonoff (1983) suggested the
penalty function @(«)=nXX(log 6, j)z involving the local odds ratios {6,,},
which has the effect of shrinkage towards the independence estimator. For
ordinal data, one could select a function that penalizes for departures from

smoothness given by a certain type of ordinal model. For instance, one could let

() ="IZ Z(IOg 6, - B)z’

which has the effect of penalizing more when the estimates move farther from a
uniform association fit. This approach, a kernel approach, or a Bayes or empirical
Bayes approach generally produce estimators that, for sparse ordinal data, are
much preferable to the sample proportions.

€ascs as 7 is
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