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Abstract

Eaton (1992) considered a general parametric statistical model paired with an improper
prior distribution for the parameter and proved that if a certain Markov chain, constructed
using the model and the prior, is recurrent, then the improper prior is strongly admissible, which
(roughly speaking) means that the generalized Bayes estimators derived from the corresponding
posterior distribution are admissible. Hobert and Robert (1999) proved that Eaton’s Markov
chain is recurrent if and only if its so-called conjugate Markov chain is recurrent (see also
Eaton et al., 2007). The focus of this paper is a family of Markov chains that contains all of the
conjugate chains that arise in the context of a Poisson model paired with an arbitrary improper
prior for the mean parameter. Sufficient conditions for recurrence and transience are developed
and these are used to establish new results concerning the strong admissibility of non-conjugate

improper priors for the Poisson mean.

1 Introduction

There is a well known connection between the admissibility of statistical estimators and the recur-

rence of associated stochastic processes (see, e.g., Brown, 1971; Johnstone, 1984; Eaton, 1992).
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Eaton (1992) considered a general parametric statistical model paired with an improper prior dis-
tribution for the parameter that leads to a proper posterior distribution. Let 6 and v(df) denote the
parameter and the improper prior distribution, respectively. Eaton proved that if a certain Markov
chain (constructed using the model and the prior) is recurrent, then the improper prior is strongly
admissible, which means that the generalized Bayes estimator of every bounded function of @ is
almost-v-admissible under squared error loss. That is, if g(#) is any bounded function of # and
J is any estimator of g(6) whose mean squared error (MSE) is less than or equal to that of the
generalized Bayes estimator of ¢(#) for all #, then the set of #s for which the MSE of ¢ is strictly
less than that of the generalized Bayes estimator has v-measure 0. (See Eaton (2004) for an excel-
lent introduction to this theory.) Strong admissibility is a useful property. Indeed, if the prior v is
strongly admissible, this means that the statistical model and v combine to yield a formal posterior
distribution that generates (almost) admissible estimators for a large class of functions of 6, which
means that we might be willing to endorse v as a good “all purpose” prior to use in conjunction with
this particular statistical model. It is important to keep in mind throughout that Eaton’s condition is
merely sufficient. In particular, it remains unknown whether or not transience of Eaton’s Markov
chain implies that the prior is not strongly admissible. (See Section 7 of Eaton (1992) for more on
this issue.)

Hobert and Robert (1999) showed that Eaton’s Markov chain is recurrent if and only if its so-
called conjugate Markov chain is recurrent (see also Eaton et al., 2007). This is a useful result from
a practical standpoint because the conjugate chain is often much easier to analyze than Eaton’s
(1992) chain. Here we study a set of Markov chains that contains all the conjugate chains that arise
in the context of a Poisson model paired with an arbitrary improper prior. We now describe this set
of chains.

Let {a,,}5°_, be a sequence of strictly positive real numbers such that, for each i € Z* :=
{0,1,2,...}, we have 3377 “3 < oo. Define b; = ;> 72 “2. Now let W = {W,}>*, be a
time homogeneous Markov chain with state space Z" and transition probabilities given by

T . Qjtj
i‘ p— P l/‘/n pu— n pu— pu— f ;
Dij ( +1 j‘ Z) Z']' bz

for i, j € Z*. The fact that the transition probabilities are all strictly positive implies that the chain

Qitj _

is irreducible and aperiodic. Moreover, since p;;b; = T p;ib; for all i, j € Z*, the chain is

reversible with respect to the sequence {b;}3°,. Thus, {b;}2°, is an invariant sequence for W, i.e.,



for each j € Z*, we have
Zpijbi =b;
=0

Because IV is irreducible and aperiodic, it follows that W is positive recurrent if and only if
Yoo bi < o0 (see, e.g., Billingsley, 1995, Section 8). When this sum diverges, the chain is either
null recurrent or transient, and differentiating between these two possibilities in specific examples
can be quite challenging. This is our focus. We now provide a simple example.

If we take a,,, = m!/2™*1, then for fixed i,

i Qiyj f: (i+7)!
j! - 2i+j+1j! ’
=0 =0

which converges (ratio test). Now,

Zb_zz;z% ZZZIJZQj+j—+]1]| Z(%)nﬂi(?):i%:“

n=0 =0 n=0

We conclude that the Markov chain W corresponding to a,,, = m!/2™*! is either null recurrent or
transient. We will return to this example several times throughout the paper.

We now describe the connection between the Markov chain IV and the decision theoretic study
of improper priors for a Poisson mean. Suppose that X is a Poisson(\) random variable; that is,
A>0and P(X =z|)\) = _AM I+ (x), where 14(-) is the indicator function of the set A. Set
R = (0,00) and let v : Rt — ]RJr be such that [, v(\)d\ = oo and [, A"e () d\ < oo

for all x € Z*. Under these conditions, (\) can be viewed as an improper prior density for the

parameter )\ that yields a proper posterior density given by

e A\ (N)
7T()\ ’ $) = WIR+ ()\) 5
where, of course, m,, (z) := & [, A"e"*v/(X) dX. We associate with each such improper prior v(+)

a Markov chain ®” = {®/}>° / with state space Z* and transition probabilities given by

P, =@ =) = [ PIX =[N0
R
1 o
= ———— [ A Py(\)dA 1
A tm, (7) /]R+ e (A dA, M
for 7, j € Z*. This is the conjugate chain mentioned above. As is typical, it is less complex than
Eaton’s (1992) chain, which has a continuous state space, R, and Markov transition density given

by
= — e ¥ Vy(y - (U’U>x
gﬂv]a: X =z|u)= <)Z—(x!)2m,,(x)'



Clearly, the transition probabilities in (1) are strictly positive, which implies that the chain is irre-

ducible and aperiodic. Moreover,
P(Pr = j|®, = i)my (i) = P(®,, = 1|®) = j)mu(4) ,

fori,j € Z*. Hence, ®” is reversible with respect to the sequence {m,()}:2,. The impropriety
of v(-) implies that ) >° m, (i) = oo, so ®” is either null recurrent or transient. It follows from
results of Eaton (1992) and Hobert and Robert (1999) that if ®" is null recurrent, then the prior v
is strongly admissible under squared error loss. Here is the connection: The chain ®” is a member

of the general class of chains described above with

A :/ A 2 p(N) d .
R+

This connection provides motivation for the development of techniques for differentiating between
null recurrence and transience of 1 when W is not positive recurrent, i.e., when y . b; diverges.

Let’s now look at a particular family of improper priors for A that lead to proper posteriors.
Take v()\) = A\ e, for a > 0 and 3 € (—1,0]. This is basically an improper gamma density,
i.e., fora > 0and 5 € (—1,0], we have

/ Nl PN = 00 .
R+

The resulting posterior density is proper since, for any x € Z*,

/ Ne 2 u(N) d\ = / ATFeLe= A8 )\ < oo .

R+ R+

Under this improper gamma prior, the posterior density is a (proper) gamma density, which is why
the priors in this family are called conjugate priors. (Warning: The word “conjugate” is used in
two different ways in this paper - one applies to priors and the other to Markov chains.) Again,
the associated Markov chain ®" is a special case of the Markov chain W, and the corresponding
sequence {a, }>°_, is given by
I'(m+ «)

m= [ A"ePv(\)d\= / ATteTtem AN gy = ————
‘ /R+ ) R+ ’ 2+ p)mte

When o = 1 and 8 = 0, we have a,,, = m!/2™"!, which is precisely the example discussed earlier
in this section. It is known that the Markov chain ®” is null recurrent when 5 = 0 and « € (0, 1],
and is transient otherwise. So improper conjugate priors taking the form v(\) = \*~!, a € (0, 1],

are strongly admissible. These priors are improper due to their heavy right tails. When o = 1
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we recover the so-called flat prior, which is constant on R™, and when o € (0, 1) the right tail
decreases to 0 at a rate dictated by «, with smaller values of « leading to a faster decrease. The
result concerning the stability of ®” was established by Hobert and Robert (1999) who showed
that when v is conjugate, ®” can be represented as a branching process with immigration. The
null recurrence/transience results then follow easily from classical theorems in branching process
theory. Unfortunately, when v is non-conjugate, the branching process representation of ®” breaks
down, and differentiating between null recurrence and transience is much more difficult. In fact,

not much is known about the strong admissibility of improper non-conjugate priors for \.

Remark 1. Now suppose that, instead of a single observation from the Poisson(\) distribution,
we have an iid sample of size n, and we want to know if v(\) is strongly admissible in this new
situation. Since the sum of these Poisson random variables is a sufficient statistic, we can base our
inference on the sum, which also has a Poisson distribution. In fact, a straightforward calculation
shows that the conjugate Markov chain for this problem is exactly the same as that corresponding
to the case of a single observation with prior v(\/n)/n. Hence, if the latter chain is recurrent,
then v()\) is strongly admissible in the iid sample case. For example, if v(\) = A le P then
v(A/n)/n = n~Y(\/n)*"te=PN" which is just a slightly different conjugate prior (the factor of
n~% plays no role). Since § = 0 if and only if B/n = 0, the conjugate priors that we identified as
strongly admissible for the single observation case remain so for the iid sample case, which is not

SUrprising.

Our main contribution is the development of general conditions that can be used to ascertain
whether W (characterized by the sequence {a,,}°_,) is recurrent or transient. In particular, we
prove that a sufficient condition for transience of W is

S e+ Y <
n3/2a2 — n3/2a2n+1 ’

and that a sufficient condition for recurrence of W is
n—1 oo -1
> [yt -
' 5 =00.
n=1 =0 j=n v
These conditions are applicable to all TV, but they are most useful in situations where Y .° b; = oo
In the context of our statistical problem, we show that our sufficient conditions are sharp enough to

correctly characterize all of the ®”s associated with improper conjugate priors, which suggests that

they ought to be useful in differentiating between null recurrence and transience when improper
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non-conjugate priors are used, and we demonstrate that this is indeed the case. Of course, as
mentioned above, transience of ®” does not tell us anything about v (beyond the fact that Eaton’s
theory cannot be used to establish the strong admissibility of v). Therefore, in the context of
our statistical problem, the sufficient condition for transience is clearly much less useful than the
sufficient condition for recurrence.

We develop these sufficient conditions for recurrence and transience by leveraging a branch of
classical Markov chain theory that is based on connections between reversible Markov chains (on
countable state spaces) and electrical networks (see, e.g., Doyle and Snell, 1984; Peres, 1999). Our
work is analogous to that of Hobert and Schweinsberg (2002) (hereafter “H&S”’), who developed a
sufficient condition for strong admissibility of improper priors for a geometric success probability.

The remainder of this paper is organized as follows. In Section 2, we introduce random walks
on networks and explain how they are related to our Markov chain I/. Section 3 contains our
development of the sufficient condition for transience, which is based on a result of Lyons (1983).
In Section 4, a result of McGuinness (1991) is employed to develop the sufficient condition for
recurrence. We apply our results in Section 5. There it is shown that certain members of the family
of improper (non-conjugate) inverse gamma priors are strongly admissible, and that the logarithmic
prior v(\) = log(1 + \) is strongly admissible. Finally, Section 6 contains some closing remarks

about our results.

2 Random walks on networks

In this section, we define a weighted random walk on a network, and show that a slightly altered
version of the Markov chain W can be represented as such. This representation facilitates our
analysis of IV because W and the altered version have the same recurrence/transience properties.
A network is a pair N = [G, |, where G is a simple connected graph with countable vertex set
V(@) and edge set E(G), and c is a function with domain F(G) and range R*. For e € E(G),
c(e) is called the conductance of the edge e. If v and w are vertices of GG that are connected by an
edge, then we write v ~ w and denote the edge connecting v and w by e,,. For v € V(G), let

c(V) =Y o C(€ow). A weighted random walk on N is a Markov chain S = {5, }>°, with state



space V(G) whose transition probabilities are given by

P(Sy1 = w]S, = v) — clepw)/c(v) ifv~w,
0 otherwise .
In words, if the chain is currently at the vertex v, then its next move is to one of the vertices
that share an edge with v according to probabilities that are proportional to the conductances of
those edges. Since P(S,+1 = w|S, = v)c(v) = clew) = P(Spy1 = v|S, = w)c(w) for all
(v,w) € V(G) x V(G), the chain S is reversible with respect to the sequence {c(v) }yev(c)-

The graph G is simple so it has no self loops. Hence, the Markov chain S cannot make tran-
sitions from a vertex in GG back to the same vertex. The Markov chain W, however, can make
transitions from any point in Z* back to the same point. It follows that /W cannot be represented
exactly as a weighted random walk on a network. This is why we must consider a slightly altered
version of W that we now describe. Let H be the graph with vertex set Z* and an edge joining any
two distinct vertices. (We are using H instead of GG here because we wish to preserve the generality
of the network N = [G, ¢|.) Let i and j be any two distinct points in Z* and define the conductance
as follows

d(eij) = pijbi = C;:;{ : ()
Now let T = {T,}°, be the weighted random walk on the network M = [H,d|, which has

transition probabilities given by

d(eij) _ pijbi _ Dij
d(l) Z#i pijbi 1 — pi

for all i # j. These are also the transition probabilities of the Markov chain W = {Wn}fzo
obtained from the chain I by removing repeated values, and, moreover, IV is recurrent if and only
if W is recurrent (see Section 2 of H&S for details). Therefore, 7' is recurrent if and only if IV is

recurrent, so we can study the stability of W indirectly by studying 7.

3 A condition for transience of 11/

In this section, we develop a sufficient condition for the transience of W by employing a result
of Lyons (1983). Consider again our generic network N = [G, ¢| from the previous section. If

a € V(QG), a flow from a to oo is a real-valued function 6 defined on V(G) x V(G) such that



(v, w) = O unless v ~ w, O(v,w) = —B(w,v) forall v,w € V(G), and 3,y ) 0(v,w) = 0 if
v # a. The flow is called a unit flow if 3, (@) 0(a, w) = 1. The energy of the flow is defined by

E0) == Z 0% (v, w)/c(evw) -

(v,w):w~w

The following theorem is due to Lyons (1983).

Theorem 2. The weighted random walk on the network N = [G, c| is transient if and only if, for

some a € V(G), there exists a unit flow from a to oo having finite energy.

In our application of Lyons’s (1983) result, we will be concerned with the particular network
M = [H,d] defined in the previous section. We now describe a novel technique for converting
certain partitions of Z* into flows from 0 to co. Let {B;}2, denote a partition of Z* where
By = {0}. We assume without loss of generality that all sets in the partition are non-empty. We
assume further that the partition is “monotone” in the sense that if : € By and j € B, with k < /,

then 7 < j. Now define a function 6 : Z* x Z* — R as follows

|B1]
m ifi € Bk, c Bk+1 s
N —|B e .
9(27])_ ﬁ leGBk,jGBk_l,
0 otherwise .

We claim that ¢ is a flow. The anti-symmetry of 0, i.e., (i, j) = —60(j, ) follows immediately by
construction. Now suppose that £ > 1 and that € Bj. Then we have,
. : B | Bi|
Ze(%]): Z 0(i,j) + Z 0(i,§) = 55 |Be-1l + 55— Br+1l =0
e B[ B Bill By
Hence, 0 is a flow. Further,
S By
6(0,5) = 6(0 ———|B1| = |Bi1| > 0.
000 3000~
Therefore, we can make the flow a unit flow from 0 to oo by choosing B; = {1}. We call any

flow constructed using the above technique a partition flow. Here is our main result regarding the

transience of the Markov chain W.

Proposition 3. The Markov chain W (characterized by the sequence {a,,}°_,) is transient if

oo ‘ 1
Z = Z%T <oo. )

A2n+41

Q2n



Proof. Let 6 denote the unit partition flow from 0 to co based on the following partition: By = {0},
By = {1}, and By = {(k — 1)> + 1,...,k*} for k > 2. Note that |By| = 2k — 1 for k > 1. We
will show that (3) implies that the energy of this flow is finite, which in turn implies transience by

Theorem 2. We can express the energy of our flow as follows:

S(Q)Z%iiz’!j!ﬁ(i,j)g

im0 j=o it
Iem 1 ¢
zéga—n;i!(n—i)!e(i,n—w
> 1 [n/2]
;an;@(n NO(i,n —1)°,

where the last step uses the anti-symmetry of , and |- | denotes the floor of the argument. Now fix
n > 50 and fix a non-negative integer i < n/2. Suppose that i € By. Then 6(i,n — 7)* # 0 if and

only if n — ¢ € By,. It follows from the definition of By and By, that in such a case
n=i+mn—49)<k+(k+1)>*=2k>+2k+1.
Continuing, since i € By, we have i > k% — 2k + 2 and Vi > k — 1. Hence,
n<2%k?—4k+4+6(k—1)4+3<2i+6Vi+3<2i+6n/2+3<2i+6n.

It follows that
e(i,n—i)7&o:w>g—3\/ﬁ.

We see that n — i € By, implies that n < 2(k + 1)2. Thus, 50 < n < 2(k + 1)?, which implies
that £ > 4 and

= 1 B 1 PR S|
| Bil|Brial  2k—1)(2k+1) T 2(k+1)2 " n

0(i,n —

Using the facts just established, we have that for n > 50,

[n/2] L L2
Zz’!(n—z')!e(i,n—z')2gE > il(n—i)
=0 i=ln/2-3y7)
L 2
<— D, In/2=3Vall(n—n/2-3Vn))
i=|n/2-3v/n)
< 47;/25Ln/2—3¢ﬁjl(n— [n/2 — 3v/n))!. )



The penultimate inequality follows from the fact that ! (n — 4)! is a decreasing function of i for
0 <i < |n/2]. We now look to bound the product of factorials in the last line of (4).
Let h, = |n/2 — 3y/n]/n € (0,1). Then

n/2—3\/ﬁ—1S S71/2—3\/_ 5)
n n
It follows that
6 6 2 36 2 34
4h,(1 — h, 1-— 1—— <1l——. 6
( ) < < f) ( it ) —+— - (6)
Recall Stirling’s approximation:
n\" n\"
2mn <—> <n! < V2mne? <—> : (7)
e e

Now fix n even. Using Stirling’s approximation in conjunction with (5) and (6), we have

[n/2 = 3y/n]!(n — [n/2 = 3/n])! < gntly2
(n/2)H(n/2)! N

B (1 — hyp) R (1 — By, )" =hn)

< 2n+1€2 hn(l N hn)hz/Qf?)\/ﬁ 1 hn)n/2+3\f
1—h —h

= 2¢2

" " (4l (1 — hn))"/Q( = ”)

1—h, U\ 1+ L+ 2N\ 3V
e [T (1 MY (LB

hn n 1- & -

Now recall that if {u, } and {v, } are sequences of real numbers such that u,, — oo and v,, — v for

some v € R, then

<1+U—n) e,
u

n

as n — oo. Hence, (1 — 34/n)"? — ¢~'7 and

Now combining this with the fact that h,, — 1/2, we have that for large enough even n,

[n/2 = 3vn]!(n = [n/2 = 3Vn])! _
(n/2)!(n/2)!

It then follows from (4) that for large enough even n,

[n/2]
D il n—i)0(in—i) < — —m (/21 (n/2)!. 9)

1=0
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Using Stirling’s approximation again, we have that for large enough odd n
1 2"en

(= D/ ((n+ D/2) = mfi? =1

(TL . 1)—(n—1)/2(n + 1)—(n+1)/2

 2%"n" In—1 ] 1\ "2
vz —1Vn+1 n?
27’L Moy —N
<of (10)
™m
The last expression in (10) is precisely twice the Stirling-based upper bound for ((n/2)!)~2 for n
even that we used to get (8). Therefore, proceeding exactly as in the n even case, we find that for

large enough odd n, we have

& 32¢2!
}:u@%4ﬂm@n—w2g;w;«n_npﬂ«n+npﬂ. (11)

1=0

Combining (9) and (11), it’s clear that £(0) < oo if

= (n!)? = nl(n+1)!
Z n*2asn ' ; 320911 =

n=1

which completes the proof. ]
Here is an easy extension of Proposition 3.

Corollary 4. Let W and W' be Markov chains defined by the sequences {a,}>°_, and {al }>°_,,

respectively. Suppose that {a,,}>°_, satisfies (3), which implies that W' is transient. If there exists

a C > 0 such that a,, > Ca,, for allm € N, then W' is also transient.

Recall that the improper conjugate prior for the Poisson parameter A takes the form v(\) =
X~1e=PA for o > 0 and 3 € (—1,0]. Again, Hobert and Robert (1999) used a highly specialized
branching process argument to show that the corresponding Markov chain, ®, is null recurrent
when = 0 and « € (0, 1], and is transient otherwise. We now demonstrate that Proposition 3 can
be used to reproduce the transience part of this result. We consider two different cases that lead to
transience. Case I a € (0,1] and 8 € (—1,0), and Case II: & > 1 and § € (—1,0]. As shown in
the Introduction, ®* is a special case of the chain W generated by the sequence {a,,}>°_, given by

— I'(m+ «)
SNCE
We begin with Case I. It is known (Wendel, 1948) that for every s > 0,

T
lim M

lim S —1. (12)
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It follows that there exists N = N («) such that
1 2
<
Fn+a) =~ n¥(n—1)!
for all n > N. Hence, for n > N, we have
(n|)2 B (n!)2(2+ﬁ)2n+a < 2(2+6)2n+a(n!)2 _ 227a(2+6)2n+a(n!)2
n32ay,  n32T(2n+a) ~ n32(2n)2(2n —1)! nl/2ne(2n)!

From the inequality

1 e\/m™n

it follows that, for n > N, we have
(n|>2 - 6ﬁ227a(2+ﬁ)2n+a
n3/2a2n - 22npa ’
Note that 7 := [(2 + 6)/2]2 € (0,1), and hence
Y <, (14)
na

n=1

which implies that

o0 N2
n; ng726)lgn <00 .

A very similar argument shows that the second summation in (3) is also finite. This takes care of
Case I. We now consider Case II in which « > 1 and 8 € (—1,0]. According to (12), for any
a > 1, there exists N = N («) such that for all n > N, we have

1 2 2 2
P(n+a) ~ ne-lelT(n+ [a]) — no-lel(n+ [af = 1)! = no-lnl

Hence, for n > N, we have
(n!)? < 2(2 4 p)*te(nl)? < 22ntatl(pl)?
n32ay, — n3/2(2n)e=1(2n)! T n3/2(2n)e-1(2n)!
Applying (13), it follows that, for n > N, we have
(n!)? < de\/T

n3/2a2n - po

Y

and since o > 1, it follows immediately that
— (n!)?
Z 3/ < 0.
n=1 n 2n

A very similar argument shows that the second summation in (3) is also finite. This takes care of

Case II. Therefore, as claimed, Proposition 3 is sharp enough to identify all of the transient versions

of ®” when v is an improper conjugate prior.

12



Remark 5. The unit flow from 0 to oo that H&S used to prove their transience result is actually a
partition flow based on the partition in which By = {0}, By = {1}, and By, = {2*°',..., 2% — 1}
for k > 2. We have a proof (not presented herein) that the H&S flow cannot work in our case. In
particular, it can be shown that it is impossible to use the H&S flow in conjunction with Theorem 2
to produce a condition for transience of W that reproduces the results of Hobert and Robert (1999)

for conjugate priors.

4 A condition for recurrence of W/

In this section, we develop a sufficient condition for the recurrence of I by applying a result of
McGuinness (1991) to the Markov chain 7T'. In order to state McGuinness’s (1991) theorem, we
must introduce a few new concepts. Recall our generic graph G and consider forming a new graph
by subdividing an edge of G. That is, we add vertices w1, ..., u,_1 to G and then replace an edge
e in G between the vertices v and w with edges ey, . .., e,, where e; connects v to u;, e; connects
up_1 to uy, for 2 < k < n — 1, and ¢,, connects u,,_; to w. A network N = [é, ¢| is said to be a
refinement of the network N = [G, ¢| if the graph G can be obtained by subdividing some of the

edges of G and if, whenever e € E(G) is replaced by edges ey, . .., e, € E(G), we have
D de) T =cle) (15)
i=1

Let U = {U,}5°, be a partition of V(G) such that, whenever |m — n| > 2, there is no edge
connecting a vertex in U,, and a vertex in U,. We call such a partition an N-constriction. Let

7N (U,,) denote the probability that the weighted random walk on N starting at a eventually reaches

a

a vertex in the set U,,. Let E,, be the set of edges connecting a vertex in U,_; to a vertex in U,.

Here is McGuinness’s (1991) theorem.

Theorem 6. Let N = |G, c] be a network, and let a € V(G). Then the weighted random walk on

N is recurrent if and only if there exists a refinement N = [é ,¢| of N having an N-constriction

U = {U, Y2, such that a € Uy, 7V (U,) = 1 for alln € N, and

g ( > 5(6)>_1 =00 (16)

eeEn

Here is our result concerning the recurrence of V.
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Proposition 7. The Markov chain W (characterized by the sequence {a,,}5>_) is recurrent if

n—1 oo -1
Z [Z Z az—i—JZ‘j' ] = 0. (17)

n=1 =0 j=n

Proof. We begin by describing a refinement of M = [H, d], call it M = [H,d|. Foralli,j € Z*

such that ¢ +1 < j, we add vertices v forn =i+1,...,j — 1. The edge ¢;; is replaced by e;; for

i+1

n=1i4+1,...,7, where e”l connects i to v},

e;; connects ’Uij ' to 7, and e;; connects v, 'to (4
forn=1¢+2,...,7— 1. Forall ¢,j € Z" such that7 + 1 = j, we add no new vertices to H, but
e;; 1s renamed ef ;- The new conductance is defined as

Jrony ai+j<j_i)

d(%) = Z,—J,
for every i,n,j € Z withi < n < j. It follows that for every ¢, 7 € Z, with i < j, we have

J

. ilj! J ilj! B
S deg =SB

n=i+1 i+ (J —19) n=i+1 i+]

Thus, (15) is satisfied. (We note that this refinement is similar to that used in Section 3 of H&S,
but our conductances are not the same as those used in H&S.) Now let Uy = {0} and for n € N, let
Up = {n} U{v}; : i <n < j}. It follows from the definition of H that every edge in E(H) with
one end in U, has it’s other end in U,,_; or U, ;. Therefore, U = {U, }5°, is an M -constriction.
Moreover, 0 € U, and a straightforward argument (middle of page 1220) in H&S applies directly

to our situation and shows that Té\;l (U,) = 1for all n € N. Now, for every n > 1 we have

n—1 oo n—1 oo . .
7 i (J — i)
D dley =3 > de) =3 > =
ecFEy, =0 j=n =0 j=n
The result now follows immediately from Theorem 6. [

Remark 8. Recall that W is positive recurrent if Y .-, b; < 0o, and is null recurrent or transient
otherwise. Proposition 7 is applicable regardless of the value of ) ">~ | b;, but its real value resides

in cases where this sum diverges.
Here is the analogue of Corollary 4.

Corollary 9. Let W and W' be Markov chains defined by the sequences {a,}>°_, and {al }>°_,,
respectively. Suppose that {a,, }oo_, satisfies (17), which implies that W is recurrent. If there exists

a C > 0 such that a,, < Cay, for allm € N, then W' is also recurrent.

14



Remark 10. Corollary 9 can be viewed as a generalization of a result in Eaton et al. (2007) that
holds in the context of the Poisson problem. Indeed, let v(\) be a prior such that the corresponding
O is (null) recurrent. Suppose that V'()\) is another prior for which V'(\) = g(\) v(\) where
g : Rt — R* is bounded. Then together, Theorems 4 & 8 of Eaton et al. (2007) imply that ® is
also (null) recurrent. Here is the connection with Corollary 9. If V'(\) = g(\) v(\) where g < C,
then v'(\) < Cv(\) and
a, = / NP (N)dA < C | A" Pu(N\)d) = Ca,, ,
R+ R+

which is precisely the condition in Corollary 9. Of course, Corollary 9 is more general. Firstly,
even if V' /v is unbounded, it’s still possible that a!, < Ca,, for all m. Secondly, Corollary 9 holds

for general sequences, a,, and a,,, not only those associated with the Poisson problem.

We now demonstrate that the results in this section can be can be used to show that the Markov
chain ¢ corresponding to the improper conjugate prior with 5 = 0 and « € (0, 1] is null recurrent.
Again, the sequence {a,, }°°_, associated with this conjugate prior is given by

I'(m+ «a)

am = 2m+a

Because I'(x) is an increasing function for = > 2, it follows that for any m > 2 and any « € (0, 1)

we have
Dm+a) _yiallm+ 1)
2m+a 2m+1

Consequently, if we could use Proposition 7 to prove recurrence when § = 0 and o = 1, then it
would follow immediately by Corollary 9 that we also have recurrence when 5 = 0 and v € (0, 1).
This is our plan. Assume now that 3 = 0 and o = 1 so that a,, = m!/2™"!. When we write
Z ~ NB(r,p), we mean that the random variable Z has a negative binomial distribution with
parameters » € Nand p € (0,1) and

Pz=a= (" e,

15



Recall that E(Z) = r(1 — p)/p. We have

i i (J —1) _ i Qi+j] i @it jl
o = T A
ot 119! Jray 7. = 17!
__”j@+ﬂ_4§:@+ﬂ
= ilj12i+i+1 L 41j12i+i+1
j=n J=n
o N (Y N ) LIy )|
_@+l)zza+m%m%ﬁ_”z%uwﬂ“
=n—1 Jj=n
. — [(i+E+1\ ks =TT\
:(2+1) < )211432_2 ( .)22]

where Z; ~ NB(i,1/2) fori € N. Now let U ~ NB(i + 1,1/2), V ~ NB(1,1/2), and assume U
and V are independent. Then U + V ~ NB(i +2,1/2). Foreveryn > 2and 0 <i <n — 1, we
have by Markov’s inequality that

[e.e]

Clh e
Eaﬂ?,”§Z+1+WHU+V2n—D—szn». (18)
: ily! n—

j=n

Since U > n implies that U + V' > n — 1, it follows by independence of U and V' that

e

PU+V>n—-1)—PU>n)=PU+V >n—-1,U <n)

(
(Wi {V>n—1-kU=k})

I
s

3
—

P(U=KPV >n—1-k)

k=0
n—1 .
LK\ k1o (n—k—1
= 9t 9—(n )
> (1)
k=0
B n—1 Z+ k’ 2_i_n
a k
k=0
+

Il
N\
o~

”)21".
n—1

The last step follows from a repeated application of the fact that (") + (")) = ("!') (Pascal’s

r—1 T
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identity), and noting that (}) = (“}'). Combining this with (18) we have
ia”j.(j._i> <2 (T )ge
ilj! n—1 n—1

j=n
1+ 2 1 T+n\ i,
= + n- 2
n—1 1+ 1 n

< 1+ 2 +2n(z+n>2_i_n_1
n—1 n
i+ 2 o

= 1+2nP(U:z),

n —

where U’ ~ NB(n + 1,1/2). Hence, for any n > 2, we have

oo n—1
ZZCMHZ']‘ < Z (;izl +2nP(U' = ))

=0 j=n

(n+ (n+2)—2
2(n—1)

<2(n+2)+2n.

IN

+ 2n

Finally, we have

nlooal -1 oo 1
Z{;]Zn ﬂz'j' ] Z;éln+4:m’

which implies that the Markov chain is (null) recurrent by Proposition 7. Therefore, as claimed, our
results are sharp enough to identify all of the null recurrent versions of ®” when v is an improper

conjugate prior.

S Examples

5.1 Improper inverse gamma priors

Consider another family of improper priors for A that lead to proper posteriors. Take v(\) =

N ~1e=/2 for v > 0 and § > 0. This is an improper inverse gamma density, i.e., for v > 0 and

/ AN e 2 g\ = 00 .
R+

The resulting posterior density is proper since, for any x € Z¥,

/ Ae 2 u(\) d\ = / ATFI =LA g < oo
R+ R+

6 > 0, we have

17



In fact, the posterior density is generalized inverse Gaussian. When we write V' ~ GIG(¢, a, b),

we mean that ¢ € R, a,b > 0, and the random variable V' has density

o) = =
20924 (Vab)

where K, is the modified Bessel function of the second kind. So the posterior is GIG(z + 7, 2, 26).

v‘b_le_%_%fﬂy (v),

We now investigate the stability of the Markov chains ®” associated with this new family of priors.
Fix v € [0,1] and 6 > 0. The ratio of this improper inverse gamma prior to the improper conjugate

prior with = 1 and f =0 is
)\7—16—9//\
AT
which is bounded. Hence, it follows from Corollary 9 (or the results in Eaton et al. (2007)) that

—-1_—-6/X
— e /7

the associated ®” is null recurrent. So improper inverse gamma priors taking the form v(\) =
N ~1e=02 ~ € [0,1] and @ > 0, are strongly admissible. Just like the conjugate priors, these
priors are improper due to their heavy right tails. When v = 1, the prior increases from 0 to 1 as
A increases. When v € [0, 1), the prior is unimodal, converging to 0 at the origin and at oo, and
achieving its maximum when A\ = /(1 — ). Note that when v = 0, the right tail decreases like
1/, arate not attained by any of the improper conjugate priors.

Now assume that v > 1 and § > 0. We have

m4y
20 2 K v
am:/ e PN (\) d\ = o> ;”:7( 89).
R4 272

A standard bound for the ratio of Bessel functions (Segura, 2023, Theorem 1) gives us

K@V w-1) (19)

K, 1(2v20) V20
Assume m > 2. Repeated application of (19) leads to the inequality
(m+y=—1(m+vy—=2)-2+7 = [7]) Koy (2V20)

m+|y]—2

(20) =2

Km+’¥(2@) >

Define

2 g Koyy—|y) (2\/%)

9.6 = 27— 7))

So, for m > 2, we have

o s girsll pazlye (m+y—1(m+vy—2)2+7— 7)) Kopy|4(2V20)
TNty -2) @45~ I+~ )
=9(7,9) Sy
ST Ry
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Hence, for m > 2, a,,, > Cal, where {a], }°°_, is the sequence associated with the conjugate prior
with « = v > 1 and § = 0. It follows from Corollary 4 that ®” is transient whenever v > 1
and 6 > 0. We conclude that it is not possible to use Eaton’s (1992) results to establish the strong

admissibility of the improper inverse gamma prior when v > 1 and 6 > 0.

5.2 A logarithmic improper prior

Recall that the flat prior, i.e., the conjugate prior with &« = 1 and 3 = 0, is strongly admissible, but
any conjugate prior with o > 1 leads to a transient ®”. This suggests that it might be interesting to
consider the improper prior #(\) = log(1+ \) since it’s increasing, but it increases slower than any
conjugate prior with & > 1 and S = (0. We now use Proposition 7 to show that ®” corresponding
to v(A) = log(1 + \) is recurrent, which implies that this prior is strongly admissible. We start by

noting that
|

gm+1

Ay = / Ne P log(1 + ) d\ = E(log(1 + X)) ,
R+

where X ~ Gamma(m + 1,2). Thus, by Jensen’s inequahty, we have

Ay < 2m+1 log ((m + 3)/2) St log(m +3).
Thus, by Proposition 7, the Markov chain ®” corresponding to the logarithmic prior is recurrent if

-1
+ NG — i) log(i + j + 3)
I I

=0 j=n

As we did previously, let U ~ NB(i+1,1/2), V' ~ NB(1,1/2), and assume U and V" are indepen-
dent. Recall that U + V ~ NB(i + 2,1/2). Fix n > 2. We have

i(z + )5 — i) log(i +j + 3)
A 2i+j+1i!j!
j=n

:ij(i+j)!log(i+j+3) _ii(i+j)!log(i+j+3)

i+j+15141 i+5+1,141

o 2 gl — 2 gl
=(i+1) Y PU+V="k)log(i+k+4)—iY P(U=j)log(i+j+3)

k=n—1 j=n

= (i+1)E[log(i + U +V + 4)ljysven_1y| — iE[log(i + U + 3)1r>n}] -
Using Jensen’s inequality, we have
E[log(i + U+ V 4+ 4)lirsven-1}] < Ellog(i + U 4+ V +4)] <log(2i+6) .
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Hence,

(i +4)(j —d)log(i + 7 +3)
it t14151

\\Mg

<lo g(22 +6) + z(E[log(z' +U+V +4)lwsvsn1y] —Bllog(i + U + 3)1{U2n}}> - (20
Now, since
{U+V2n—-1}={U>2n}w (W {V=n—-1-kU=k}),
it follows that

Ellog(i + U +V 4+ 4)Liyyvsn_1}] — B[log(i + U 4 3)1{y>n]
=E[(log(i + U+ V +4) —log(i + U + 3)) 1y>ny]

n—1

+ 3 E[log(i + U+ V + ) lysu1-rv-sy] - 1)

k=0

Now, by independence of U and V' and Jensen’s inequality, we have

E[(log(i+U +V +4) —log(i + U + 3)) Liyzny]
=E[E[(log(i + U+ V +4) —log(i + U + 3)) Ljysny | U] ]
<E[(log(i + U +E(V) +4) —log(i + U + 3)) Lirsn}]
=E[(log(i+ U+ 5) log(i + U +3)) Lirsm]

{ ( it U n 3) I{U””l

< log (1 z—l—n+3)
2

_— 22
“i4+n+3’ (22)
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where the last line follows from the fact that log(1 + =) < z for x > 0. Again using the indepen-

dence of U and V', we have

n—1
Z E[log(i +U +V 4+ 4) 1 {vsn_1-ku=k}]
k=0
n—1
= Z E[log(i +Ek+V+ 4)1{V2n—17k,U=k}]
k=0
n—1
=Y "Ellog(i + k+V + )l ysn 1] P(U = k)
k=0
n—1 00
=> ( > log(i+k+s+ 4)2—8—1) P(U =k)
k=0 s=n—1—k
n—1 00
=Y (Z log(i +n +t+ 3)2“) 2~ (k=D p( = k)
k=0 t=0

n—1
=E[log(i +n+V +3)] Z(Hk)

n—-1 ,.
k .
<log(i+n+4) Z (l Z 27
k=0

=log(i +n +4) (;tq) 27 (23)

where the penultimate inequality is Jensen’s, and the last line follows from the argument based on
Pascal’s identity that was used in the previous section. Let U’ ~ NB(n + 1,1/2). By combining
(20), (21), (22), and (23), we obtain

Zi i+ )y —i)log(i+j +3)

i+74+15141
=0 j=n 20t v
n—1 . .
2 1+n ,
log(2i +6) + ———— +ilog(i 4 27"
,EZO(Og i+ e st og(i +n+ )(n—1> )

n—1
< nlog(2n+ 6) + 2n + 2nlog(2n + 4) Z (Z + n) g—i—n—1
=0
< nlog(2n + 6) + 2n + 2nlog(2n + 4) P(U' <n —1)
< 5nlog(2n +6) .
Thus,

00 n—1 oo -1 0 o9
2Z+]+11'j' « 5n log(2n + 6) 10 £

n=4 =0 j=n
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Therefore, as claimed, ®” corresponding to v(A) = log(1 + A) is (null) recurrent, and this prior is

strongly admissible.

6 Discussion

An obvious question concerning our two sufficient conditions is as follows: Does there exist a gap
between them, i.e., are there chains that satisfy neither of the conditions? While we strongly suspect
that there do exist examples of IV that don’t satisfy either of the sufficient conditions, we have yet
to come across one. In particular, note that every version of I analyzed in this paper does satisfy
one of the two conditions. We leave the existence/nonexistence of a gap as an open problem.

It might be possible to extend our work on the Poisson problem to the multivariate case. Specif-
ically, suppose that instead of observing a single observation from the Poisson distribution, we
observe multiple independent Poisson random variables with different means. We could then con-
sider prior distributions for the corresponding vector of unknown means and attempt to use Eaton’s
(1992) theory to develop conditions for strong admissibility. There has been some work on this

problem (Lai, 1996), but, as far as we know, the associated conjugate chain has not been analyzed.
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