Multiple Linear Regression

Mortgage Financing Cost Variation (By City)

Description:
Average mortgage yield on new homes (percent) for n=18 U.S. Metro areas, along with 6 metro area specific independent variables. Data from early 1960s.

Data:

· Y – Yield (percent)
· X1 – Loan/Mrtg (Average loan value/Mortgage value ratio) – High values mean lower down payments and higher risk to lender
· X2 – Distance (Road distance to Boston) – High values mean further from Northeasr where most capital was at the time.
· X3 – Sav/Unit (Savings per annual dwelling unit constructed) – Higher values mean higher relative credit surplus, and lower costs of capital.
· X4 – Sav/PC (Savings per capita) – Does not adjust for new housing demand.
· X5 – Pop Inc (Percent increase in population 1950-1960).
· X6 – Inter (Percent of first mortgage debt controlled by interrregional banks) – Higher values mean more money borrowed from other parts of country.
City
Yield (Y)
Loan/Mrtg (X1)
Distance (X2)
Sav/Unit (X3)
Sav/PC (X4)
Pop Inc (x5)
Inter (X6)

Los Angeles-Long Beach
6.17
78.1
3042
91.3
1738.1
45.5
33.1

Denver
6.06
77
1997
84.1
1110.4
51.8
21.9

San Francisco-Oakland
6.04
75.7
3162
129.3
1738.1
24
46

Dallas-Fort Worth
6.04
77.4
1821
41.2
778.4
45.7
51.3

Miami
6.02
77.4
1542
119.1
1136.7
88.9
18.7

Atlanta
6.02
73.6
1074
32.3
582.9
39.9
26.6

Houston
5.99
76.3
1856
45.2
778.4
54.1
35.7

Seattle
5.91
72.5
3024
109.7
1186
31.1
17

New York
5.89
77.3
216
364.3
2582.4
11.9
7.3

Memphis
5.87
77.4
1350
111
613.6
27.4
11.3

New Orleans
5.85
72.4
1544
81
636.1
27.3
8.1

Cleveland
5.75
67
631
202.7
1346
24.6
10

Chicago
5.73
68.9
972
290.1
1626.8
20.1
9.4

Detroit
5.66
70.7
699
223.4
1049.6
24.7
31.7

Minneapolis-St Paul
5.66
69.8
1377
138.4
1289.3
28.8
19.7

Baltimore
5.63
72.9
399
125.4
836.3
22.9
8.6

Philadelphia
5.57
68.7
304
259.5
1315.3
18.3
18.7

Boston
5.28
67.8
0
428.2
2081
7.5
2

Data Analysis:

Step 1: Obtain Pairwise correlations among variables and Scatterplot matrix (STATA)

 
Yield (Y)
Loan/Mrtg (X1)
Distance (X2)
Sav/Unit (X3)
Sav/PC (X4)
Pop Inc (x5)
Inter (X6)

Yield (Y)
1







Loan/Mrtg (X1)
0.808485
1






Distance (X2)
0.738984
0.525276
1





Sav/Unit (X3)
-0.71932
-0.52427
-0.63911
1




Sav/PC (X4)
-0.22182
-0.12079
-0.14317
0.769012
1



Pop Inc (x5)
0.647276
0.574044
0.436034
-0.63064
-0.40256
1


Inter (X6)
0.587887
0.462791
0.59593
-0.55635
-0.22581
0.393298
1

Note: Yield is highly correlated with: Loan/Mrtg (.808), Distance (.739), and Sav/Unit (-.719), less so with others. Further there is moderately high pairwise correlations among independent variables.
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Step 2: Fit Full regression model relating Yield to all 6 predictors:
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Regression Statistics








Multiple R
0.933061








R Square
0.870603








Adjusted R Square
0.800022








Standard Error
0.099911








Observations
18


















ANOVA









 
df
SS
MS
F
Significance F




Regression
6
0.738774
0.123129
12.3349
0.000252




Residual
11
0.109804
0.009982






Total
17
0.848578
 
 
 














 
Coefficients
Standard Error
t Stat
P-value
Lower 95%
Upper 95%
Lower 95.0%
Upper 95.0%

Intercept
4.285236
0.668247
6.412652
4.99E-05
2.814434
5.756039
2.814434
5.756039

Loan/Mrtg (X1)
0.020325
0.009308
2.183523
0.051547
-0.00016
0.040813
-0.00016
0.040813

Distance (X2)
1.36E-05
4.69E-05
0.289605
0.777504
-9E-05
0.000117
-9E-05
0.000117

Sav/Unit (X3)
-0.00158
0.000753
-2.10293
0.059299
-0.00324
7.39E-05
-0.00324
7.39E-05

Sav/PC (X4)
0.000202
0.000112
1.794401
0.100248
-4.6E-05
0.000449
-4.6E-05
0.000449

Pop Inc (x5)
0.001283
0.001765
0.726669
0.482606
-0.0026
0.005169
-0.0026
0.005169

Inter (X6)
0.000236
0.002302
0.1024
0.920282
-0.00483
0.005301
-0.00483
0.005301

Fitted Equation: 
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Coefficients

Intercept
4.285236

Loan/Mrtg (X1)
0.020325

Distance (X2)
1.36E-05

Sav/Unit (X3)
-0.00158

Sav/PC (X4)
0.000202

Pop Inc (x5)
0.001283

Inter (X6)
0.000236

Standard Error
0.099911

Coefficient of Determination: R2 = .8706, model explains 87% of variation in Yield

R Square
0.870603

F-Test for overall Model:
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ANOVA






 
df
SS
MS
F
Significance F

Regression
6
0.738774
0.123129
12.3349
0.000252

Residual
11
0.109804
0.009982



Total
17
0.848578
 
 
 

Clearly, Yield is associated with at least one of the predictors.

t-Tests for Individual partial regression coefficients
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Coefficients
Standard Error
t Stat
P-value

Intercept
4.285236
0.668247
6.412652
4.99E-05

Loan/Mrtg (X1)
0.020325
0.009308
2.183523
0.051547

Distance (X2)
1.36E-05
4.69E-05
0.289605
0.777504

Sav/Unit (X3)
-0.00158
0.000753
-2.10293
0.059299

Sav/PC (X4)
0.000202
0.000112
1.794401
0.100248

Pop Inc (x5)
0.001283
0.001765
0.726669
0.482606

Inter (X6)
0.000236
0.002302
0.1024
0.920282

Note: While no P-values are less than 0.05 (which can often happen with large k, small n, and correlated predictors, Loan/Mrtg, Sav/Unit, and Sav/PC have reasonably large t-statistics amd P-values at or below 0.10. 

Test whether Distance, Pop Inc, and Inter (q=3) can be removed from model containing the other (k-q=3) predictors.

Set A: Loan/Mrtg, Sav/unit, Sav/PC  (k-q=3)

Set B: Distance, Pop Inc, Inter  (q=3)
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ANOVA from full model (A&B)

 
df
SS
MS

Regression
6
0.738774
0.123129

Residual
11
0.109804
0.009982

Total
17
0.848578
 

SSR(A&B) = 0.738774        MSE(A&B) = 0.009982     n-k-1 = 11

Regression from reduced Model (Set A predictors only)

Regression Statistics






Multiple R
0.929187






R Square
0.863388






Adjusted R Square
0.834114






Standard Error
0.090997






Observations
18














ANOVA







 
df
SS
MS
F
Significance F


Regression
3
0.732652
0.244217
29.49325
2.62E-06


Residual
14
0.115926
0.00828




Total
17
0.848578
 
 
 










 
Coefficients
Standard Error
t Stat
P-value
Lower 95%
Upper 95%

Intercept
4.222599
0.581394
7.262883
4.14E-06
2.975631
5.469567

Loan/Mrtg (X1)
0.022294
0.007922
2.814285
0.013787
0.005304
0.039285

Sav/Unit (X3)
-0.00186
0.000418
-4.45989
0.000539
-0.00276
-0.00097

Sav/PC (X4)
0.000225
7.43E-05
3.026094
0.00907
6.55E-05
0.000384

Notes: R2 has changed only slightly and SYX has actually decreased. Also all t-statistics for predictors in set A are highly significant.

SSR(A) = 0.732652   k-q=3 ( q=k-(k-q)=6-3=3

Applying these to F-test:
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Fail to reject H0, no evidence that Distance, Pop Inc, or Inter are related with Yield, after controlling for Loan/Mrtg, Sav/Unit, Sav/PC

Comparing Models: Adjusted-R2 

Measure of the strength of the association Y and set of predictors that penalizes models with predictors that do not contribute to the fit:
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SST=0.848578  (For Both models)

“Full Model” with all 6 predictors in sets A&B: SSE(A&B)=0.109804   k(A&B)=6

“Reduced model” with 3 Predictors in set A:  SSE(A)=0.115926   k(A)=3
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Model with A&B:

Adjusted R Square
0.800022

Model with A only:

Adjusted R Square
0.834114

Note that while R2(A&B) = 0.8706 > 0.8634 = R2(A), Adjusted-R2 reverses order, penalizing full model for carrying 3 “useless” (or possibly redundant) predictors.

Coefficients of Partial Determination 

Naively Consider the variables in the order they appear in dataset: 

LOANMRTG (X1), DISTANCE (X2), SAVUNIT (X3), SAVPC (X4), POPINC (X5),  and INTER (X6).

Step 1: Obtain Total sum of Squares (SST=0.848578)

Step 2: Fit model relating LOANMRTG (X1) to Yield and obtain SSR(X1)=0.5546717 and 
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R Square
0.6536486


ANOVA
X1



df
SS

Regression
1
0.5546717

Residual
16
0.2939061

Total
17
0.8485778

Step 3: Fit model relating LOANMRTG (X1) and Distance (X2) to Yield and obtain SSR(X1,X2)=0.67044445 and
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R Square
0.790080141


ANOVA
X1,X2



df
SS

Regression
2
0.67044445

Residual
15
0.178133328

Total
17
0.848577778

Regression Analysis




Coefficients of Partial Determination









Intermediate Calculations




SSR(X1,X2)
0.67044445



SST
0.848577778



SSR(X2)
0.463405535
SSR(X1 | X2)
0.207038915

SSR(X1)
0.554671681
SSR(X2 | X1)
0.115772769






Coefficients




r2 Y1.2
0.537522937



r2 Y2.1
0.393910743



Note that Distance (X2) explains 39.4% of the variation in Yield that LOANMRTG does not explain. PHStat also computes the coefficient of Partial determination between Yield and LOANMRTG, controlling for DISTANCE. LOANMRTG explains 53.8% of the variation in Yield that is not explained by DISTANCE (X2).

Continuing through the sequence of predictors:

SSR(X1,X2,X3)
0.700052339



SST
0.848577778



SSR(X2,X3)
0.550944263
SSR(X1 | X2,X3)
0.149108075

SSR(X1,X3)
0.656825557
SSR(X2 | X1,X3)
0.043226781

SSR(X1,X2)
0.67044445
SSR(X3 | X1,X2)
0.029607889

r2 Y1.23
0.500978781



r2 Y2.13
0.225430408



r2 Y3.12
0.166211955



SSR(X1,X2,X3,X4)
0.733410422



SST
0.848577778



SSR(X2,X3,X4)
0.667098018
SSR(X1 | X2,X3,X4)
0.066312404

SSR(X1,X3,X4)
0.732651582
SSR(X2 | X1,X3,X4)
0.000758841

SSR(X1,X2,X4)
0.677413994
SSR(X3 | X1,X2,X4)
0.055996428

SSR(X1,X2,X3)
0.700052339
SSR(X4 | X1,X2,X3)
0.033358083

r2 Y1.234
0.365398345



r2 Y2.134
0.006545894



r2 Y3.124
0.327151145



r2 Y4.123
0.224595084



SSR(X1,X2,X3,X4,X5)
0.738669328



SST
0.848577778



SSR(X2,X3,X4,X5)
0.690442819
SSR(X1 | X2,X3,X4,X5)
0.048226509

SSR(X1,X3,X4,X5)
0.737698821
SSR(X2 | X1,X3,X4,X5)
0.000970507

SSR(X1,X2,X4,X5)
0.691727406
SSR(X3 | X1,X2,X4,X5)
0.046941922

SSR(X1,X2,X3,X5)
0.705612949
SSR(X4 | X1,X2,X3,X5)
0.033056379

SSR(X1,X2,X3,X4)
0.733410422
SSR(X5 | X1,X2,X3,X4)
0.005258905

r2 Y1.2345
0.304970572



r2 Y2.1345
0.008752848



r2 Y3.1245
0.299278359



r2 Y4.1235
0.231220358



r2 Y5.1234
0.045663161



SSR(X1,X2,X3,X4,X5,X6)
0.738773998



SST
0.848577778



SSR(X2,X3,X4,X5,X6)
0.691181331
SSR(X1 | X2,X3,X4,X5,X6)
0.047592667

SSR(X1,X3,X4,X5,X6)
0.737936782
SSR(X2 | X1,X3,X4,X5,X6)
0.000837216

SSR(X1,X2,X4,X5,X6)
0.694629788
SSR(X3 | X1,X2,X4,X5,X6)
0.04414421

SSR(X1,X2,X3,X5,X6)
0.706632675
SSR(X4 | X1,X2,X3,X5,X6)
0.032141323

SSR(X1,X2,X3,X4,X6)
0.733502931
SSR(X5 | X1,X2,X3,X4,X6)
0.005271066

SSR(X1,X2,X3,X4,X5)
0.738669328
SSR(X6 | X1,X2,X3,X4,X5)
0.00010467






Coefficients




r2 Y1.23456
0.302374468



r2 Y2.13456
0.007566958



r2 Y3.12456
0.286747554



r2 Y4.12356
0.226434884



r2 Y5.12346
0.045805545



r2 Y6.12345
0.000952338



Multicollinearity

We have seen that the pairwise correlations of the 6 predictor variables are moderately high. We have also seen that the 3 primary predictors (LOANMRTG, SAVUNIT, and SAVPC) went from moderately significant to highly significant when we removed the remaining 3 predictors (DISTANCE, POPINC, INTER) from the model. Was Multicollinearity among the 6 predictors a problem?

Procedure: 

1) Regress each independent variable on the remaining k-1 predictors. Let rj2 denote the coefficient of correlation when Xj is regressed on the k-1 remaining predictor variables.

2) Compute the Variance Inflation factor for each independent variable: 
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3) Predictors with VIFj > 10 cause or are victims of problems with the estimated regression coefficients and inflated estimated standard errors (causing small t-statistics and wide confidence intervals).

Regression Analysis

Regression Analysis


Loan/Mrtg (X1) and all other X

Distance (X2) and all other X


Regression Statistics

Regression Statistics


Multiple R
0.732981949
Multiple R
0.84819292

R Square
0.537262538
R Square
0.71943122

Adjusted R Square
0.344455263
Adjusted R Square
0.60252756

Standard Error
3.098459727
Standard Error
614.661671

Observations
18
Observations
18

VIF
2.161052611
VIF
3.56418846

Sav/Unit (X3) and all other X

Sav/PC (X4) and all other X


Regression Statistics

Regression Statistics


Multiple R
0.958374598
Multiple R
0.91788385

R Square
0.918481869
R Square
0.84251077

Adjusted R Square
0.884515981
Adjusted R Square
0.77689026

Standard Error
38.29411554
Standard Error
256.637718

Observations
18
Observations
18

VIF
12.26720965
VIF
6.34964048

Pop Inc (x5) and all other X

Inter (X6) and all other X


Regression Statistics

Regression Statistics


Multiple R
0.69374035
Multiple R
0.65482133

R Square
0.481275673
R Square
0.42879098

Adjusted R Square
0.265140536
Adjusted R Square
0.19078721

Standard Error
16.33672812
Standard Error
12.5313274

Observations
18
Observations
18

VIF
1.927806249
VIF
1.75067262

Sav/Unit (X3) has a very high VIF, it is highly correlated with others.

Comparing regression coefficients of LOANMRTG (X1), SAV/UNIT (X3), and SAV/PC (X4) for the full model (all 6 predictors) and the reduced model (these 3 predictors (See regression coefficient outputs above):

Parameter
bi (Full)
Sbi (Full)
bi (Reduced)
Sbi (Reduced)

Loan/Mrtg(X1)
0.0203
0.0093
0.0223
0.0079

SAV/UNIT(X3)
-0.00158
0.000753
-0.00186
0.000418

SAV/PC (X4)
0.000202
0.000112
0.000225
0.0000743

Notice the standard errors are much smaller fir reduced model (also compare t-tests and confidence intervals in previous tables).

Best Subsets Method of Selecting model (Mallows CP)

Choose model with smallest k, such that 
[image: image13.wmf]1
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Intermediate Calculations






R2T
0.8706026





1 - R2T
0.1293974





n
18





T
7





n - T
11












Model
Cp
k+1
R Square
Adj. R Square
Std. Error

X1
15.443131
2
0.6536486
0.632001643
0.1355328

X1X2
5.8451653
3
0.7900801
0.762090826
0.108975

X1X2X3
4.8790855
4
0.8249713
0.787465188
0.1029998

X1X2X3X4
3.537316
5
0.8642819
0.822522497
0.0941224

X1X2X3X4X5
5.0104857
6
0.8704792
0.816512238
0.0957029

X1X2X3X4X5X6
7
7
0.8706026
0.80002216
0.0999108

X1X2X3X4X6
5.5280486
6
0.8643909
0.807887146
0.0979264

X1X2X3X5
6.3220308
5
0.8315242
0.779685478
0.104868

X1X2X3X5X6
8.219876
6
0.8327259
0.763028326
0.1087601

X1X2X3X6
6.7802644
5
0.8261338
0.772636511
0.1065324

X1X2X4
7.1469654
4
0.7982933
0.755070493
0.1105712

X1X2X4X5
7.7130664
5
0.8151609
0.758287301
0.1098427

X1X2X4X5X6
9.4223095
6
0.8185812
0.742989987
0.1132652

X1X2X4X6
8.810907
5
0.8022465
0.741399318
0.1136151

X1X2X5
5.7944215
4
0.8142039
0.774390407
0.1061207

X1X2X5X6
7.4645824
5
0.8180839
0.762109709
0.1089707

X1X2X6
7.3371161
4
0.7960565
0.752354355
0.1111826

X1X3
7.2094882
3
0.7740311
0.743901869
0.1130641

X1X3X4
1.6133357
4
0.8633877
0.834113587
0.0909969

X1X3X4X5
3.1077098
5
0.8693355
0.829131091
0.0923534

X1X3X4X5X6
5.0838712
6
0.869616
0.815289282
0.0960213

X1X3X4X6
3.5930807
5
0.8636259
0.821664674
0.0943496

X1X3X5
8.8199291
4
0.7786136
0.73117366
0.1158397

X1X3X5X6
9.8224511
5
0.7903473
0.725838826
0.1169834

X1X3X6
8.2445413
4
0.7853821
0.739392574
0.1140551

X1X4
16.113077
3
0.6692946
0.625200507
0.1367795

X1X4X5
15.075328
4
0.7050288
0.641820719
0.1337124

X1X4X5X6
13.611105
5
0.7457799
0.667558303
0.1288188

X1X4X6
13.957012
4
0.718184
0.657794895
0.1306967

X1X5
13.189167
3
0.7036897
0.66418165
0.1294713

X1X5X6
11.618078
4
0.7456979
0.691204539
0.1241529

X1X6
12.501572
3
0.7117782
0.673348571
0.127692

X2
24.586055
2
0.5460967
0.517727757
0.1551556

X2X3
17.816539
3
0.6492561
0.6024902
0.1408625

X2X3X4
8.1804065
4
0.7861366
0.740308685
0.1138545

X2X3X4X5
7.8417547
5
0.8136471
0.756307701
0.1102916

X2X3X4X5X6
9.7677715
6
0.8145174
0.737232926
0.1145267

X2X3X4X6
10.090849
5
0.7871901
0.721710089
0.117861

X2X3X5
15.327148
4
0.7020666
0.638223692
0.1343821

X2X3X5X6
16.708384
5
0.7093453
0.619913137
0.1377409

X2X3X6
19.026542
4
0.6585491
0.585381052
0.1438619

X2X4
25.417782
3
0.5598396
0.50115152
0.1577995

X2X4X5
17.452601
4
0.677064
0.607863434
0.1399072

X2X4X5X6
18.177083
5
0.6920684
0.597320264
0.1417755

X2X4X6
25.087413
4
0.5872526
0.498806778
0.1581699

X2X5
15.495279
3
0.676562
0.633436896
0.1352682

X2X5X6
16.290839
4
0.6907303
0.624458194
0.1369148

X2X6
23.717842
3
0.5798367
0.523814875
0.1541733

X3
27.023593
2
0.517423
0.487261899
0.1599813

X3X4
6.1833334
3
0.7861021
0.757582417
0.1100027

X3X4X5
5.84869
4
0.8135655
0.77361523
0.1063029

X3X4X5X6
7.7691748
5
0.8145009
0.757424191
0.1100386

X3X4X6
8.1013067
4
0.787067
0.741438557
0.1136065

X3X5
23.730902
3
0.579683
0.523640759
0.1542015

X3X5X6
21.985176
4
0.6237455
0.543119538
0.1510159

X3X6
24.686334
3
0.5684439
0.510903074
0.1562496

X4
66.826441
2
0.0492061
-0.010218563
0.2245583

X4X5
37.241021
3
0.4207581
0.343525804
0.1810215

X4X5X6
27.78453
4
0.5555254
0.460280801
0.1641365

X4X6
42.918473
3
0.3539719
0.267834824
0.1911727

X5
35.393302
2
0.4189667
0.382652136
0.1755441

X5X6
26.220633
3
0.5503953
0.490448022
0.1594834

X6
41.629171
2
0.3456117
0.304712414
0.186296

Note that our model (X1,X3,X4) meets the criteria (1.61 < 4)

Source: A. Schaaf (1966). “Regional Differences in Mortgage Finance Costs”, Journal of Finance, Vol.28 pp85-94.
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